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Abstract
Over the last 15 years, microfluidics has gained an increasing importance.
In several microfluidic systems, as cytometric, sorting and diagnostic devices,
suspensions of particles flow in miniaturized channels. In such a situation, a
wide range of phenomena can arise due to the deformability and the elasticity
of the suspended objects, the geometry of the channels, the interactions
between the objects and the walls of the flow cells, and the complexity of the
suspending media.
Aim of the present thesis is of developing and applying a finite element
method-based code to study the dynamics of soft systems suspended in New-
tonian and viscoelastic fluids under flow.
The code is developed by adapting and extending an arbitrary Lagrangian
Eulerian finite element method based numerical code for viscoelastic fluids us-
ing well-known stabilization techniques (SUPG, DEVSS, log-conformation),
and it is validated for drops and elastic particles in unbounded shear flow
by comparison with available theoretical, experimental and numerical results.
Then, a single-body problem is considered: the behavior of an initially spher-
ical elastic particle suspended in confined shear flow of a Newtonian and a
Giesekus viscoelastic liquid is studied. Finally, a multi-body system is inves-
tigated: the bulk linear viscoelastic properties of monodisperse emulsions of
Newtonian drops in a Newtonian matrix are computed.
Chapter 1
Introduction
Microfluidics, i.e., the processing of fluids in channels which have a charac-
teristic length in the order of microns, has gained an increasing importance
over the last 15 years. In several microfluidic systems, such as cytometric,
sorting and diagnostic devices, suspensions of particles flow in miniaturized
channels (see, for example, [28, 81]). In such a situation, a wide range of
phenomena can arise due to the deformability and the elasticity of the sus-
pended objects, the geometry of the channels, the interactions between the
objects and the walls of the flow cells, and the complexity of the suspending
media.
1.1 Overview of the systems of interest
In the present work, with the generic term of ‘soft system’, several classes
of systems are designated, like drops, elastic particles, capsules, and vesicles.
A scheme of the general features of each class is reported in Table 1.1. Such
objects are of interest from both a scientific and a technological point of view,
since drops are major constituents of emulsions, elastic particles are present,
for example, in filled polymers and are also models for more complicated
systems (e.g., white blood cells), capsules and vesicles are models for red
blood cells (RBCs) and vectors for controlled release drugs.
1
system features
drops bulk liquid objects,
spherical undeformed shape,
constant volume.
elastic particles bulk elastic solid systems,
constant volume.
capsules liquid drops wrapped in thin elastic membranes,
constant volume,
variable surface area.
vesicles liquid drops wrapped in thin elastic membranes,
constant volume,
constant surface area.
Table 1.1: Classification of soft systems.
In a large proportion of applications, the undeformed shape of the systems
of our interest is ellipsoidal, thus being identified by the 3 semiaxes L, B and
W , as shown in Figure 1.1; a sphere can be seen as a particular ellipsoid, for
which L = B = W . When two of its three semiaxes have the same length,
an ellipsoid can be also called spheroid. A spheroid for which L > B = W
is said prolate, and has a shape similar to that of a a cigar, whereas one for
which L =W > B is called oblate and has a lentil-like shape.
Numerous are the geometrical and physical parameters of interest for de-
scribing the dynamics of spheroidal deformable particles suspended in fluids
under flow. It is worth to cite the deformation parameters (combinations of
the lengths of the axes), the excess area, which is the surface area in excess
with respect to a sphere with the same volume of the ellipsoid, the orien-
tation angles with respect to flow direction and vorticity, the viscosity ratio
between the suspended and the suspending phase (in case a drop is con-
sidered), the elastic modulus (in case an elastic particle is considered), the
capillary number, which modulates the intensity of the flow, and the degree
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Figure 1.1: Schematic representation of some common undeformed shapes of soft sys-
tems.
of confinement, which is the ratio between the characteristic dimension of
the suspended object and the characteristic dimension of the channel where
it flows.
1.2 State of art
As reported above, many kinds of systems can be ascribed to the category of
soft systems. In the present state, the greatest part of the scientific literature
concerns drops.
1.2.1 Drops
The literature on the behavior of drops in flow is wide and dates back to
the experimental work performed by Taylor in the 30s of the 20th century
(see [94]), that studies the deformation of Newtonian drops in a Newtonian
fluid under simple shear flow in the low capillary number regime (for drops,
the capillary number is defined as Ca = ηeR0γ˙/Γ , where ηe is the ambient
fluid viscosity, R0 is the radius of the undeformed (spherical) drop, γ˙ is the
shear rate and Γ is the surface tension between the two fluids). Drops are
found to deform and assume an ellipsoidal shape, with the Taylor deformation
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parameter D (defined as the ratio between the difference and the sum of the
lengths of the major and the minor semiaxis of the ellipsoid in the shear
plane) linearly depending on Ca according to the law:
D =
19λ+ 16
16λ+ 16
Ca (1.1)
where λ is the viscosity ratio. The law is valid for Ca up to about 0.5. From
then on, much has been done regarding drops from a theoretical, experi-
mental and computational point of view, considering different flow fields and
constitutive behaviors of the fluids.
In a Newtonian matrix under unconfined shear, a Newtonian drop de-
forms and attains a steady ellipsoidal shape with a fixed orientation angle
θ with respect to the flow direction. The deformation of the drop increases
with Ca; on the other hand, the angle decreases with it (see, for example,
[49, 6, 7]). If λ is less than about 4, when Ca reaches a critical value, the
surface tension is no more capable of contrasting the deformation and the
drop breaks up [58]; on the contrary, above such critical λ-value, the drop
does not break up even at high Ca-values: several papers focus on identifying
λ− Ca break-up conditions (see, for example, [18, 6, 19]). A typical feature
of deformed drops in shear is circulation of the internal liquid; Pozrikidis
[83] showed that the presence of interfacial viscosity suppresses the above
mentioned vortices and reduces the magnitude of the deformation. A simple
model that well describes the behavior of Newtonian drops in a Newtonian
fluid under several ‘slow’ flow conditions has been developed by Maffettone
and Minale [72]. The presence of solid walls in the vicinity of the drop can
influence its deformation considerably: Shapira and Haber [92] computed
analytically the shape of a Newtonian drop suspended near a solid wall in
a Newtonian matrix in shear flow; very elongated non-ellipsoidal deformed
shapes have been detected experimentally in confined shear flows (see, for
example, [93]).
A rich phenomenology is also found in inertialess Poiseuille flow, i.e., drop
lateral migration towards the region of the channel at lowest shear rate, which
is its centerline [67, 44]. In the presence of surfactants on the surface of the
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drop, migration towards the center still exists [55], but migration towards
the walls can also be seen, as reported by Guido and Preziosi in their review
[47]. If the system presents strong inertial effects, drops undergo an effect
that is well known for solid particles as ‘Segre-Silberberg effect’, consisting
in lateral migration towards a position in between the centerline and the wall
[73].
If one considers the possibility that one of the two fluids, or both, is
complex, and in particular viscoelastic, three cases can be distinguished:
a viscoelastic drop in a Newtonian matrix (V/N), a Newtonian drop in a
viscoelastic matrix (N/V), and a viscoelastic drop in a viscoelastic matrix
(V/V). A new parameter has, then, to be taken into account, that measures
the elasticity of the complex fluid, e.g., the Deborah number De, which is
the ratio between the fluid and the flow characteristic times. On whatever
side viscoelasticity acts, in shear flow, the steady orientation angle of the
drop is lower than in the corresponding N/N case (see, for example, [43, 48]);
a simple phenomenological model for drops under all flow conditions in the
small deformation regime, which can handle viscoelasticity in both the matrix
and the dispersed phase, has been developed by Maffettone and Greco [71].
For a viscoelastic drop suspended in a Newtonian fluid under shear flow, in
the subcritical λ-range, elasticity is found to promote a decrease in the steady
D- and θ-values, and an increase in the break-up Ca-value with respect to the
corresponding N/N system [1]; fixed a value of the capillary number Ca, D
decreases when increasing the Deborah number De [74]. If a Newtonian drop
is suspended in a viscoelastic matrix in shear, the dynamics of its deformation
and its steady state are significantly influenced by the complexity of the
suspending fluid: in the startup of the process, non-Newtonian effects result
in a deformation overshoot [93, 87], then, if the flow is stopped, the drop
retracts in two steps due to its finite relaxation time [88, 97]. The steady
D and θ are lower then the corresponding N/N case. Finally, a viscoelastic
drop suspended in a viscoelastic fluid in shear shows some peculiar deformed
structures which are not seen in the other above mentioned situations, such
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as sheets, fibers or hooks [65, 14]. The presence of viscoelasticity on both
sides is found to contrast or promote break-up depending on De [2].
Recently, lateral migration has been observed also for viscoelastic drops
in confined shear [75] and Poiseuille flow [62].
1.2.2 Emulsions
Emulsions are heterogeneous systems constituted by liquid drops suspended
in a continuous liquid phase, usually referred as ‘matrix’. These systems
are of outstanding scientific interest, since emulsions are found in several
technological fields, as polymer processing, pharmaceutics, body care, and
foods. Due to such wide variety of applications, in the last decades emulsions
have been extensively studied, both from the theoretical and the experimental
point of view.
Numerous works focus on emulsion bulk rheology. From the early work
of Taylor [94], who extended the Einstein formula for the viscosity of a dilute
suspension of rigid spheres to the case of dilute emulsions, it is known that the
volume fraction of drops φ and the viscosity ratio λ between the dispersed and
the continuous phase are key factors in the determination of bulk quantities
such as viscosity, viscoelastic moduli, and normal stress differences. Taylor
formula for the overall viscosity η of an emulsion of Newtonian drops in a
Newtonian fluid has been experimentally verified by Nawab and Mason [77]
for λ in the range 0.5 - 5, and empirically extended by Pal [79] outside the
dilute regime. Commonly, an emulsion is defined ‘dilute’ for φ < 0.05, ‘semi-
dilute’ for 0.05 ≤ φ < 0.10 and ‘concentrated’ for drop volume concentrations
larger than 0.10.
When liquid drops are suspended in another liquid, even if the two flu-
ids are Newtonian, the emulsion shows typical viscoelastic properties (e.g.,
see Larson [63]), such as nonzero elastic modulus and normal stress differ-
ences. By using a cell model approach, Oldroyd [78] derived general theoret-
ical predictions of the linear viscoelastic properties of Newtonian/Newtonian
emulsions, but concluded that those predictions are valid only in the dilute
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regime. Further calculations were performed a couple of decades later by
Choi and Schowalter [16]. Oldroyd’s equations have been, then, generalized
by Palierne [80] and Bousmina [10] to the case of viscoelastic suspended phase
and matrix. All the above mentioned works refer to monodisperse emulsions,
which are actually not simple to get in practice. Graebling et al. [41] adapted
Palierne model to polydisperse systems.
In the literature, numerous works are present regarding emulsions where
at least one phase is rheologically complex, with much attention devoted, in
particular, to polymer blends (see, for example, [60, 98, 96, 20, 54]); on the
contrary, very few experimental data are available on the linear viscoelasticity
of emulsions of Newtonian drops in Newtonian matrices, at least under non-
vanishing φ-conditions (a measure for a blend of nearly Newtonian polymers
is given in [27]).
Another interesting phenomenon is that of interfacial slip, namely, that
on in the interface that separates each drop from the suspending matrix the
tangential components of the velocity in the two phases do not coincide. Such
phenomenon is known to be responsible for the decrease in the viscosity of
some polymer blends with respect to the individual viscosities of the con-
stituent fluids: experimental observations (e.g., [68, 70, 11, 103, 64, 82, 61])
as well as theoretical models [78, 86, 85] are available on that.
1.2.3 Elastic particles
A somewhat limited attention has been devoted to such systems in the re-
search literature; for sure, a wide comprehension of their mechanical behavior
in flow is still lacking. In 1946, Fro¨hlich and Sack [34] investigated a sus-
pension of elastic spheres in a Newtonian fluid under extensional flow, and
derived an expression for the extensional stress of the suspension as a func-
tion of the strain rate. In 1967, Roscoe [90] studied theoretically the behavior
of a dilute suspension of (visco)elastic spheres in a Newtonian fluid subjected
to shear flow, predicting that the deformed particles attain a steady state,
where they show an ellipsoidal shape with a fixed orientation with respect
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to the flow; the author also gave quantitative predictions of the deformation
of the suspended particles, the stress, and the viscosity of the suspension as
a function of the flow conditions and the constitutive properties of the par-
ticles and the suspending fluid. In the same year, Goddard and Miller [39]
derived a constitutive equation for dilute suspensions of slightly deformed
elastic spheres. In 1981, Murata [76] studied the small deformation of an ini-
tially spherical elastic particle in an arbitrary weak flow of a Newtonian fluid
by means of a perturbative analysis. Since then, very little has been done
on elastic particles until the end of the last decade, when Gao and Hu [35]
performed 2D arbitrary Lagrangian Eulerian finite element method (ALE
FEM) simulations. In 2011, the same group [36] studied the behavior of an
initially spherical elastic particle suspended in a Newtonian fluid in shear flow
through a non-perturbative method [30, 31], coming to a validation and an
extension of Roscoe results. More recently, the have focused their attention
on the dynamics of elastic objects with non-spherical undeformed shape (i.e.,
ellipsoids) in sheared Newtonian fluids [37], and detected that, depending on
the geometrical and physical parameters that describe the system, the par-
ticles undergo different regimes of motion, namely, steady state (SS), where
the deformation and orientation angle of the particle with respect to the flow
direction are fixed, tumbling (TU), where the whole object periodically ro-
tates around the vorticity axis, and trembling (TR), where the orientation
angle oscillates around a mean value.
1.2.4 Vesicles and capsules
Several theoretical, experimental, and numerical works are available concern-
ing the deformation of vesicles and capsules in Newtonian fluids under uncon-
fined shear flow, as reported in their review by Finken et al. [33]. Depending
on the physical parameters that rule the system, different regimes of motion
of such objects are detected, as stationary tank treading (TT), where the ori-
entation angle of the vesicle/capsule with respect to the flow direction is fixed
and the elastic membrane rotates around the internal fluid like the treads of
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a tank, tumbling (TU), described above for elastic ellipsoids, vacillating-
breathing (VB) (also known as oscillating (OS)), where the orientation angle
oscillates around a mean value, and some intermittent regimes, that consist
in a time evolution of the motion regime (e.g., TU → V B → TT ). Station-
ary TT and TU being the two extreme behaviors, an increase in λ is found
to promote TT, whereas an increase in flow intensity promotes TU.
A considerable amount of papers is also available on inertialess Poiseuille
flow of vesicles (see, for example, [57, 17, 56]) and capsules (e.g., [84, 3, 29,
66]) in Newtonian fluids. The same regimes as above are detected, and, in
addition, lateral migration is seen. The latter is always directed towards
the centerline of the flow cell, where the shear rate is the the lowest and
the object can minimize distortion. TU vesicles and capsules are found to
migrate more slowly than TT ones. The migration rate is influenced by the
physical parameters of the system: specifically, it increases with an increase
in the shear rate and a decrease in the viscosity ratio or the membrane shear
modulus. In very confined systems, i.e., where the characteristic dimension
of the object is 0.7 - 0.8 times the characteristic dimension of the flow chan-
nel, and at large flow intensities, vesicles are found to assume parachute-like
shapes [99, 89]. Such shapes are characteristic of RBCs flowing in capillaries;
literature on those is very wide, but an analysis of it goes beyond the scope
of this work.
1.3 Aim of the work
Aim of the present thesis is of developing and applying a code to simulate
the dynamics of deformable systems suspended in flowing Newtonian and
viscoelastic liquids. The thesis is organized as follows: in Chapter 2, the
method is explained in detail and tested for drops and elastic particles in
unbounded shear flow; in Chapter 3, the behavior of a single elastic particle
suspended in Newtonian and viscoelastic fluids under confined shear flow is
examined; in Chapter 4, a multi-body problem is considered, i.e., the small
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amplitude oscillatory shear (SAOS) flow of an emulsion of Newtonian drops
in a Newtonian matrix; finally, in Chapter 5, some conclusions are drawn,
and future perspectives are outlined.
1.4 Numerical methods for the simulation of
deformable systems
As we aim at developing a code for the simulation of deformable systems in
complex fluids, it is worth dwelling briefly on the review of the numerical
techniques employed in the literature.
For the numerical solution of problems modeled by linear differential equa-
tions, such as those involving Newtonian drops, vesicles, and capsules in
Newtonian matrices, the most common choice is that of recurring to the
boundary element/boundary integral methods (BEM/BIM) (for drops, see,
for example, [6, 58, 67, 44, 55, 73]; for vesicles/capsules, [57, 17, 84]), whose
greatest advantage is of only requiring discretization at the interface between
the suspended object and the suspending medium (thus, a surface in 3D and
a line in 2D or axisymmetric geometries): this allows for great computational
saving, and very detailed description of the shape of the interface and its dy-
namics. As a non-linear equation appears in the model, e.g., a viscoelastic
phase is considered, the BEM can still be used, but some modifications are
needed [50]; more usually, methods based on volume-discretization, such as
finite difference method (FDM) and finite element method (FEM) are em-
ployed. For problems involving one viscoelastic phase, the FDM is largely
used [1, 87, 14, 62, 75], but, when both the suspended and the matrix phase
are viscoelastic, i.e., the problem is fully non-linear, the FEM has shown to
be the most accurate [51]. When a volume-discretization method is used, a
technique for tracking the interface has to be coupled: popular approaches
are front tracking [1, 75], volume of fluid [87, 97, 14, 62], and immersed
boundary [3].
Since our objective is the simulation of a wide range of deformable sys-
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tems, such as Newtonian and non-Newtonian drops, and elastic particles, in
flowing simple and complex suspending media, we choose to base our code
on the finite element method, that can ensure us great accuracy in the de-
scription of the phenomena of our interest. For the interface tracking, we
propose an approach based on the FEM too, as it is explained in detail in
Section 2.2.3 .
11
Chapter 2
The method
2.1 Introduction
In this chapter, an arbitrary Lagrangian Eulerian finite element method
based code for viscoelastic fluids using well-known stabilization techniques
such as SUPG [12], DEVSS [45, 9], and log-conformation [32, 53] is adapted
and extended to study the behavior of soft systems suspended in Newtonian
and viscoelastic fluids in 3D. The code is validated by comparison with lit-
erature results for Newtonian and viscoelastic drops, and elastic particles,
suspended in a Newtonian fluid under unbounded shear flow.
2.2 Mathematical model
2.2.1 A liquid drop in a fluid under shear flow
In Figure 2.1, a schematic drawing is reported of an initially spherical liquid
drop suspended in a fluid under simple shear flow. For both the suspended
and the suspending phase it is assumed that inertia can be neglected and that
the volume is constant (incompressible). Therefore, the mass and momentum
balance for both the drop and the suspending phase reduce to
∇ · u = 0 (2.1)
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Figure 2.1: Geometry of a spherical drop/elastic particle suspended in a fluid under
shear flow.
∇ · σ = 0 (2.2)
where u and σ are the velocity vector and the stress tensor, respectively. σ
can in turn be expressed as
σ = −pI + T (2.3)
where p is the pressure, I is the identity tensor and T is the extra stress
tensor.
A material model is specified by a constitutive equation for the extra-
stress tensor T . For a Newtonian matrix fluid we have
T = 2ηmD (2.4)
with ηm the viscosity and D the symmetric part of the velocity gradient
tensor (D = 1
2
(∇u+∇uT)). For a Newtonian fluid inside the drop we have
the same constitutive equation, however ηm is replaced by the viscosity of
the drop ηd. The viscosity ratio is defined as λ = ηd/ηm.
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For a viscoelastic matrix fluid we write
T = 2µmD + τ (2.5)
with µm the solvent viscosity and τ the viscoelastic contribution to the extra-
stress. For τ we adopt the Giesekus (Gsk) model, which is given by
τ = Gm(c− I) (2.6)
λm
▽
c + c− I + αm(c− I)2 = 0 (2.7)
with c the conformation tensor, Gm the modulus, λm the relaxation time and
αm the mobility parameter. The upper-convected derivative is defined by
▽
c = c˙− (∇u)T · c− c · ∇u (2.8)
The mobility parameter αm modulates the shear thinning. For αm = 0 the
Gsk model reduces to the Oldroyd-B model, which has a constant viscosity
of
ηm = µm +Gmλm (2.9)
For the Gsk model the viscosity becomes equal to ηm in the limit of zero shear
rate (zero-shear-rate viscosity). If the solvent viscosity vanishes (µm = 0),
the model is called the Upper Convected Maxwell (UCM) model. If the
drop fluid is viscoelastic, we use the same equations, however we replace the
constants with µd, Gd, λd, αd and ηd. The viscosity ratio is again defined
as λ = ηd/ηm, where the viscosities ηd and ηm are defined as above for both
Newtonian and viscoelastic fluids.
The log-conformation representation (LCR) [53] is a transformation of
the original equation for the conformation tensor c, as given by Eq. (2.7), to
an equivalent equation for s = log c (and thus c = exp(s)):
s˙+ h(∇u, s) = 0 (2.10)
We refer to [53] for details on the expression for h(∇u, s). Solving the equa-
tion for s instead of the equation for c leads to major stability improvements.
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The balance equations that model the system shown in Figure 2.1 are
solved with the following boundary conditions:
u = (−uw, 0, 0) on ∂Ω1 (2.11)
u = (uw, 0, 0) on ∂Ω3 (2.12)
u|∂Ω2 = u|∂Ω4 (2.13)
t|∂Ω2 = −t|∂Ω4 (2.14)
u|∂Ω5 = u|∂Ω6 (2.15)
t|∂Ω5 = −t|∂Ω6 (2.16)
Equations (2.11) and (2.12) are the adherence conditions on the matrix veloc-
ity on the lower and the upper walls of the flow cell, respectively; Equations
(2.13) and (2.14) express the periodicity of velocity and stress in the matrix
along the flow direction, where the traction t is defined as: t = σ ·m, with
m the outwardly directed unit vector normal to the boundary; finally, Equa-
tions (2.15) and (2.16) are the periodical conditions on velocity and stress in
the matrix along the vorticity direction.
The boundary conditions on the drop - matrix interface S are
(um · n)|S = (ud · n)|S (2.17)
(I−nn) · (um − ud)|S =
− α(I − nn) · (σm · n)|S
(2.18)
and
(σm − σd)|S · n = Γn∇ · n (2.19)
where n is the outwardly directed unit vector normal to the drop-matrix
interface, and Γ is the interfacial tension between the suspended and the sus-
pending liquids. Equations (2.17)-(2.18) express a slip condition on the drop
surface, with α the slip coefficient. More specifically, Equation (2.17) imposes
the equality of the normal components of the fluid and drop velocities on the
drop surface, whereas Equation (2.18) is the Navier-slip condition (acting on
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the tangential components of the velocities). Notice that the minus sign on
the right-hand side of Equation (2.18) is related to the use of the unit nor-
mal vector n in the traction. It is readily observed that the no-slip condition
is recovered by setting α = 0. Equation (2.19) expresses the discontinuity
of traction across the drop-matrix interface due to the presence of surface
tension Γ. Finally, since both the continuous and the suspended phase are
inertialess, whereas an initial condition is needed on the conformation tensor,
if one of the two phases or both are considered to be viscoelastic. If this is
the case, we assume that the phase is initially stress-free, which means
c|t=0 = I (2.20)
It is worth remarking that the conformation tensor is defined only in a vis-
coelastic phase. A pressure level has to be specified in an arbitrary point of
the domain.
The equations presented in this section can be made dimensionless by
using the initial drop radius R0 = D0/2 as the characteristic length, the
inverse of the imposed shear rate 1/γ˙ (H being the dimension of the channel
in the velocity gradient direction) as the characteristic time, and ηmγ˙ as
the characteristic stress. By proceeding in this way, the capillary number
Ca = ηmγ˙R0/Γ, which is the ratio between the viscous shear forces and
the interfacial forces to which the drop is subjected, arises from Equation
(2.19). In case viscoelastic phases are considered, for each viscoelastic fluid
another dimensionless parameter appears, which expresses the ratio between
the complex fluid and the interfacial relaxation times [46]. For the matrix,
such parameter is p =
Ψ1,mΓ
2R0η2m
, whereas for the drop it reads pd =
Ψ1,dΓ
2R0η2d
,
with Ψ1 the first normal stress difference coefficient . Finally, if slip acts on
the drop-matrix interface, the slip parameter is made dimensionless through
R0/ηm.
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2.2.2 An elastic particle in a fluid under shear flow
It is quite common to use a displacement based formulation for solids. How-
ever, our aim is to maintain a conforming mesh across the interface and a
mesh updating scheme (ALE) that filters out the tank treading motion to
avoid big mesh distortion within a short time. Therefore, we apply here
the velocity based approach for an elastic solid as proposed in [35]. This
approach is basically the same as considering the droplet as a viscoelastic
fluid with infinite relaxation time λd →∞. In that case, Eq. (2.7) (with λm
replaced by λd) becomes
▽
c = 0 (2.21)
Together with the initial condition Eq. (2.20), this shows that the solution
for c is the Finger tensor B. The stress expression Eq. (2.6) now gives
τ = Gd(B − I) (2.22)
which is the neo-Hookean elastic model with a modulus Gd, assuming µd = 0.
Taking µd 6= 0 leads to a Kelvin-Voigt viscoelastic solid.
All other equations (mass balance, momentum balance) and the boundary
conditions remain the same, assuming a no-slip boundary condition on the
particle/matrix interface (i.e., α = 0 in Equation (2.18)). Since interfacial
tension does not play a role here, we set Γ = 0 in Eq. (2.19):
(σ · n)|m − (σ · n)|d = 0 (2.23)
The equations for a solid particle in a fluid matrix are made dimensionless
by using the initial particle radius R0 = D0/2 as the characteristic length,
the inverse of the imposed shear rate 1/γ˙ as the characteristic time, ηmγ˙ as
the characteristic stress in the matrix, and the shear modulus of the elastic
material Gd as the characteristic stress in the particle. In analogy with
the case where the suspended object is a drop, the elastic capillary number
defined as Cae = ηmγ˙/Gd, which is the ratio between the viscous forces and
the elastic forces to which the particle is subjected, arises from Equation
(2.23). In case a viscoelastic matrix is considered, the number p =
Ψ1,mG
2η2m
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arises, that relates the complex fluid constitutive relaxation time and the
particle elastic relaxation time. All the quantities that appear in the following
sections are dimensionless. For the sake of clarity, no superscripts are used
to denote them.
2.2.3 Interface tracking
It is well known from literature that all kinds of deformable objects (ranging
from drops to elastic particles to vesicles and capsules) undergo circulation
motions when they get deformed [90, 40, 4]. That can easily lead to com-
putational difficulties, since rotation of the interface between the two phases
would soon significantly deform the mesh and make simulations break down.
Thus a preliminary problem to be solved is that of finding a proper way of
updating the interface between the internal and the external phases. Other
authors overcome this issue by frequent remeshing [18]. We adopt, instead,
the approach proposed by Yon and Pozrikidis [102], i.e. the mesh nodes on
the solid-fluid interface move with the velocity normal to the interface. This
allows the problems in this thesis to be solved without any remeshing at all.
An interface can be described explicitly by a moving curvilinear coordi-
nate system given by
x = x¯(ξ
˜
, t) (2.24)
where ξ
˜
= (ξ1, ξ2) are the curvilinear coordinates and x¯ is the function
that maps the coordinates ξ
˜
onto the spatial coordinates x. Note, that the
mapping is a function of time (moving coordinates). We will call ξ
˜
the grid
coordinates, or simply the grid.
The velocity of the grid is given by
x˙ =
∂x¯
∂t
|ξ
˜
is constant (2.25)
Only material interfaces are considered here, thus the velocity of the interface
x˙ must be such that
x˙ · n = u · n (2.26)
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where u is the material velocity at the interface and n is the normal vector of
the surface. Note, that x˙ is equal the velocity of the material in the normal
direction only. In the tangential direction the grid can move arbitrarily.
In this work we employ the following equation for the motion of the
interface grid [102]:
x˙ = ((u−U) · n)n+U = (u · n)n+U · (I − nn) (2.27)
where U is the velocity of the center of volume of the droplet. The main
purpose for introducing U is to make the motion of the coordinates x on the
interface Galilean frame independent. This motion is determined by solving
x˙ = (u · n)n (2.28)
in a frame relative to the motion of the center of volume. The additional
term with U is only due to the relative motion of the frames, creating an
additional tangential motion of the interface grid proportional to U .
Although Eq. (2.27) removes the tank-treading motion of the droplet
from the motion of the interface, there is another problem in practise. The
interface (grid) is discretized by a finite element mesh and elements become
unequally distributed. In order to prevent that, we add an additional tan-
gential velocity to Eq. (2.27):
x˙ = ((u−U) · n)n+U + ut (2.29)
where ut is a vector field tangential to the interface. By requesting ut to be
tangential to the interface, Eq. (2.26) is still fulfilled and the interface is not
modified. We choose ut to be proportional to the surface gradient of a scalar
field c defined on the interface:
ut = k∇sc (2.30)
with k a factor and ∇s the surface gradient. Note, that due to the surface
gradient the velocity vector ut is indeed tangential to the interface. The
scalar field c is given by the Poisson problem
−∇2sc = 1−
1
g
(2.31)
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with g the element area function, which has been scaled such that∫
S
1/g ds = area of S (2.32)
The tangential interface velocity ut tries to make the elements of equal size.
Using the flux of a Poisson problem has been inspired by the grid deformation
technique [101, 42]. This technique defines an adaptive computational mesh
from a uniform base mesh in 2D or 3D, using a monitor function f , specifying
the requested size of elements. The computational mesh is found by solving
an ODE in a pseudo time interval between 0 and 1. We have adapted this
technique for our problem by blending the pseudotime problem with the real
time problem of the interface motion. Furthermore f = 1 (equally distributed
elements), the Laplace operator is now defined on a curved surface and the
expression for the grid velocity is simpler, i.e. proportional to the surface
gradient by a constant factor.
2.3 Numerical discretization
2.3.1 Volume discretization
Both the matrix fluid and the droplet fluid (or solid particle) domain are dis-
cretized using the finite element method employing a mesh of quadratic tetra-
hedra. The interface mesh aligns with element faces (quadratic triangles),
which are the same on the matrix and droplet side (conforming geometry).
In Figure 2.2, the mesh employed in the simulations presented in this
thesis is shown. In the box on the right, a zoom of the interface mesh of the
initially spherical suspended object is displayed.
We use quadratic (P2) interpolation for the velocity u, linear (P1) interpo-
lation for the pressure p (Taylor-Hood elements) and linear (P1) interpolation
for both the log-conformation tensor s and the conformation tensor c. Since
the droplet mesh is decoupled from the matrix mesh, all nodes at the inter-
face are double. The velocities in the interface nodes are coupled by using
collocated Lagrange multipliers, leading to a continuous normal velocity field
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Figure 2.2: Mesh of an initially spherical drop/elastic particle suspended in a shear flow
cell. A zoom of the spherical surface of the suspended object is displayed in the box on
the right.
across the interface (the tangential velocity is also continuous in the no-slip
case, otherwise a discontinuity is allowed on the interface). However, the
pressure and conformation fields are allowed to jump across the interface.
We apply an arbitrary Lagrangian Eulerian (ALE) approach, where a
motion of the interface mesh generates a velocity field um of the domain mesh
(see Sec. 2.3.3 on how the mesh velocity um is computed). The substantial
derivative in Eq. (2.8) (and Eq. (2.10)) is splitted into a mesh derivative and
a convective derivative as follows:
c˙ =
δc
δt
+ (u− um) · ∇c (2.33)
where δc/δt is the time derivative when keeping the grid coordinates con-
stant. With an actual mesh, the grid coordinates can be interpreted as the
reference coordinates when evaluating element quantities.
For the discretization of the momentum balance we use the DEVSS-G
technique (see [45, 8]) for stabilizing the velocity-stress interpolation. The
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weak form of the momentum balance and the continuity equation becomes:(
(∇v)T , θ(∇u−GT ) + τ )− (∇ · v, p)
+
∫
S
(∇sv)T : Γ(I − nn) ds = 0
(2.34)
(q,∇ · u) = 0 (2.35)
(H ,−∇u+GT ) = 0 (2.36)
with v, q and H the test functions for the velocity u, the pressure p and
the projected velocity gradient G, respectively. Furthermore, proper inner
products (., .) are defined on the full domain Ω. The additional parameter
θ in the DEVSS-G is taken to be θ = ηm and θ = ηd for the matrix and
droplet, repectively. If λd → ∞ (solid particle) we take θ = Gd∆t, with ∆t
the time step (see Sec. 2.3.3).
We apply the method of D’Avino and Hulsen [22] for decoupling the
momentum balance from the constitutive equation. For this, we evaluate
the weak form at the new time step tn+1 and replace the extra-stress τ
in Eq. (2.34), with the time discretized, but space continuous, constitutive
equation
τ n+1 = G
(
cn − I) +G∆t
( − (un+1 − um,n+1) · ∇cn
+ (∇un+1)T · cn + cn · ∇un+1 + cn − I + α(cn − I)2)
)
(2.37)
As a result we obtain a Stokes-like system in the velocity field un+1 and
pressure field pn+1, both at the new time step tn+1.
After computing un+1 and pn+1, the log-conformation field sn+1 is ob-
tained by the weak form of Eq. (2.10) combined with SUPG and first and
second-order schemes based on backwards differencing (Gear) for time dis-
cretization:
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first order
sˆn+1 = sn (2.38)(
w+τ(un+1 − um,n+1) · ∇w, sn+1 − sn
∆t
+ (un+1 − um,n+1) · ∇sn+1 + h(∇un+1, sˆn+1)
)
= 0
(2.39)
second order
sˆn+1 = 2sn − sn−1 (2.40)(
w+τ(un+1 − um,n+1) · ∇w,
3
2
sn+1 − 2sn + 12sn−1
∆t
+ (un+1 − um,n+1) · ∇sn+1 + h(∇un+1, sˆn+1)
)
= 0
(2.41)
with w a test function of s and τ the SUPG parameter, for which we take
τ =
h
2U
where h is a characteristic element length and U the length of the velocity
vector u, evaluated in each integration point separately.
Finally the conformation tensor cn+1 is obtained by projection:(
e, cn+1 − exp(sn+1)
)
(2.42)
with e a test function of c.
2.3.2 Interface discretization
We will discretize the fluid velocity inside the droplet and matrix volumes us-
ing isoparametric quadratic shape functions on tetrahedrons. Therefore, the
interface (grid) will be discretized using isoparametric quadratic triangular
elements that conform to the volumetric mesh, i.e.,
x =
∑
i
xiφi (2.43)
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where φi are the quadratic shape functions on the surface mesh. A possibility
to proceed is discretize Eq. (2.29) using a Galerkin finite element method
combined with a sufficiently stable high-order explicit time discretization
scheme. Although this seems to work, it requires rather small time steps and
is not very robust. Therefore, we use pursue a different approach.
In order to stabilize the discretization of Eq. (2.29) we rewrite this equa-
tion as follows:
x˙+ (u−U) · (I − nn) = u+ ut (2.44)
Substituting the expression for the surface identity tensor I − nn = gigi,
where gi = ∂x/∂ξ
i, i = 1, 2 are the (covariant) base vectors and gi, i = 1, 2
the dual base vectors, we get
x˙+ (u−U) · gi ∂x
∂ξi
= u+ ut (2.45)
or, with the surface gradient operator ∇s = gi
∂
∂ξi
,
x˙+ (u−U) · ∇sx = u+ ut (2.46)
This is a non-linear unsteady convection equation on the surface for the
position x of the surface and resembles a multi-dimensional height-function
equation (see [59, 15] and the references therein for details on the height-
function equation).
Similarly to the height function equation we apply SUPG to stabilize the
convection and use implicit time integration. A complication here is that
the surface gradient operator ∇s depends on the position of the surface x.
Therefore, we use a prediction of x for determining ∇s. The first and second-
order schemes based on backwards differencing (Gear) now become:
first order
xˆn+1 = xn (2.47)(
w+τ(u−U) · ∇ˆsw, xn+1 − xn
∆t
+ (u−U) · ∇ˆsxn+1 − u− ut
)
= 0
(2.48)
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second order
xˆn+1 = 2xn − xn−1 (2.49)(
w+τ(u−U) · ∇ˆsw,
3
2
xn+1 − 2xn + 12xn−1
∆t
+ (u−U ) · ∇ˆsxn+1 − u− ut
)
= 0
(2.50)
where (., .) is a proper L2 inner product defined on the interface S, w is the
test function of x, τ is the SUPG parameter, ∇ˆs is evaluated using xˆn+1 and
u, U , ut need to be evaluated at time tn+1.
Remarks:
1. U is computed from the position of the center of volume of the droplet,
denoted by X:
first order
U =
Xn+1 −Xn
∆t
(2.51)
second order
U =
3
2
Xn+1 − 2Xn + 1
2
Xn−1
∆t
(2.52)
The center of volumeX is computed from the predicted position of the
interface xˆn+1 using the volume V and the linear moment of volume
Q:
V =
∫
V
1 dx =
1
3
∫
V
∇ · x dx = 1
3
∫
S
n · x ds (2.53)
Q =
∫
V
x dx =
1
2
∫
V
∇|x|2 dx = 1
2
∫
S
n|x|2 ds (2.54)
where x = xˆn+1 and n is the outwardly directed unit normal on the
interface S. The center of volume of the drop is computed from X =
Q/V .
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2. For the SUPG parameter we take
τ =
βh
2Ut
where h is a characteristic element length, β is a scalar between 0 and
1 and Ut = |(u−U ) · (I − nn)|, the length of the tangential velocity.
Note, that Ut is evaluated in each integration point separately. We use
h =
√
Ae, with Ae the area of an element, and adjust β to get the best
results. In practise we use β = 1.0 for linear elements and β = 0.5 for
quadratic elements.
3. The time-discretization is semi-implicit and based on the Gear schemes.
The second-order scheme is a two-step scheme which needs to be started
by the first-order scheme in the first time step.
2.3.3 Time stepping scheme
The full time stepping scheme for both the interface and the fluids and/or
solid is as follows. The considered time interval is divided into discrete in-
tervals using a timestep ∆t. The discrete times therefore become ti = i∆t,
i = 0, . . . . A single time step from tn to tn+1 is subdivided a number of
substeps:
Step 1 Predict the position of the new interface xˆn+1 using Eq. (2.49).
Step 2 The mesh is translated in x-direction such that the x-component of
center of volume X does not move relative to the mesh outer bound-
aries. The displacement vector is given by d1 = (Xx,n+1 − Xx,n, 0, 0)
within a time step.
Step 3 The additional ALE displacement of the mesh d2 within a time step
is computed from the Laplace equation
∇ · (ked2) = 0 (2.55)
26
with d2 set to the (relative) displacement of the interface xˆn+1−xˆn−d1
as a Dirichlet boundary condition an the interface. On all other bound-
aries d2 is set to zero. Note, that due to these boundary conditions the
nodes of the volume mesh at the interface and the interface mesh coin-
cide at all times. The ALE motion of the mesh according to Eq. (2.55)
is a generalization of the ALE technique introduced by Hu et al. for
rigid particles [52]. In Eq. (2.55) ke is a function that controls the
deformation of the domain. As suggested in [52] we take ke constant
on an element and equal to the inverse of the volume of the element.
In this way the deformation of the mesh is largely performed by the
big elements and the small ones around the interface deform less. The
mesh coordinates are updated: xm,n+1 = xm,n + d1 + d2 and the mesh
velocity at tn+1 is computed from
um = (
3
2
xm,n+1 − 2xm,n + 12xm,n−1)/∆t (2.56)
Step 4 The velocity un+1, pressure pn+1 and conformation cn+1 are com-
puted from Eqs. (2.34)–(2.42).
Step 5 The (corrected) position of the interface xn+1 is computed from
Eq. (2.50).
This describes the second-order time integration scheme. It must be started
in the first time step by the appropriate first-order variants of the equations
and um = (xm,n+1 − xm,n)/∆t instead of Eq. (2.56), which in the first step
leads to um = 0.
2.3.4 Computation of D and θ
As reported in Section 2.1, it is known that, when drops and elastic particles
are suspended in a Newtonian fluid under shear flow, they attain a shape
similar to an ellipsoid, whose semiaxes define the deformation and orientation
of the suspended body. The evaluation of the deformation and orientation
of the systems considered in this work is just based on such result: in order
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to determine their deformation parameter D, and orientation angle θ, the
assumption is made that during deformation, the drop/elastic particle has
an ellipsoidal shape. Under such assumption, which has to be verified, as
explained below, the coordinates of the nodes on the interface between the
suspended and the suspending phase can be fitted with an ellipsoid by a
least-squares algorithm. The fit returns a set of nine parameters, which are
the coefficients of the equation of the ellipsoid for which the sum of the square
distances between the analytical surface and the discrete points is the lowest.
In Cartesian coordinates, such equation reads:
ax2 + by2 + cz2 + dxy + exz + fyx+ gx+ hy + iz = 1 (2.57)
Once the equation of the ellipsoid is known, the Cartesian components of
the semiaxes can be determined and, from them, the Taylor deformation
parameter and the orientation angle can be computed.
In general, it is always possible to do the above described fit of a set of
discrete points, and so to compute the deformation parameter and orientation
angle of the fitting analytical ellipsoid. However, this does not ensure that the
surface where the points lie is actually ellipsoidal. Therefore, it is necessary
to check that. This is done by computing for each interfacial node the relative
distance to the closest point of the analytical surface. When the points of
the numerical surface are no further than 2–3% with respect to the fitting
analytical ellipsoid, we assume that the deformed shape of the system under
investigation is actually ellipsoidal.
2.3.5 Computational time
As written in Section 2.1, in this chapter the behavior of drops and elastic
particles suspended in a Newtonian fluids under unbounded shear flow is
studied as a validation for our code. The simulations are performed on
Dell PowerEdge M600 machines equipped with two quad core Intel Xeon
E5410@2.33GHz processors. The computational time ranges from a few
hours (in the order of four/five) for a Newtonian drop in a Newtonian fluid
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to few days (in the order of two/three) for a neo-Hookean elastic particle in
a Newtonian fluid.
2.4 Convergence tests
Before running simulations, convergence tests have to be performed in space
and time. This also helps in optimizing the mesh resolution and time-step
such that the results are sufficiently reliable without wasting too much com-
putational time.
2.4.1 Interface motion
To check the accuracy of our approach for tracking the interface, we consider
a fluid subjected to extensional flow with strain rate ǫ˙.
Figure 2.3: Schematic representation of a fluid domain under extensional flow.
If we take a sphere made of fluid points (the shaded area displayed in
Figure 2.3) initially centered at the stagnation point of the flow field, the
temporal evolution of the points on its surface is analytically known and is
given by
x(t) = x0e
ǫ˙t
y(t) = y0e
−ǫ˙t/2
z(t) = z0e
−ǫ˙t/2
(2.58)
where x0, y0, and z0 are the initial coordinates of each point on the sphere.
We numerically solve the position of the surface using the scheme described
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in Sec. 2.3.2, with an initially spherical quadratic triangular mesh and taking
u = (ǫ˙x,−ǫ˙y/2,−ǫ˙z/2). Then, we compare the numerical and analytical re-
sults after 0.5 strain units, which means ǫ˙t = 0.5, by computing the maximum
error
Emax = max
i=1,...,Nnod
|xi,num − xi,an|
and the (nodal) L2 error
E2 =
[ 1
Nnod
Nnod∑
i=1
(|xi,num − xi,an|2)
] 1
2
where Nnod is the number of mesh nodes, xi,num is the position of the i -th node
of the mesh computed numerically, whereas xi,an is the intersection of the line
through xi,num and the origin with the ellipsoid that analytically describes the
temporal evolution of the fluid points. The error will be presented relative
to the radius of the original sphere.
Figure 2.4: Emax (red curve) and E2 (green curve) vs. ∆t for N = 50, k = 0. The
straight line shows that the error behaves as O(∆t2) for large ∆t. For small ∆t, the error
is dominated by the spatial error.
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In Figure 2.4, the error for a fixed mesh (number of elements on the
equator of the sphere N = 50) and motion of the interface nodes only in the
normal direction (i.e., ut = 0 or k = 0) is shown vs. the dimensionless time
step ∆t (the characteristic time for non-dimensionalization being 1/ǫ˙). As
expected, for large time steps the error is dominated by time errors, and it
varies according to O(∆t2), since we use a second-order time discretization.
For small ∆t, the error is dominated by spatial errors. The transition from
spatial to time errors is around ∆t = 10−2 for this problem. The large
difference between Emax and E2 is because in this problem the error is mainly
located at the tips of the ellipsoid due to the higher curvature there.
Now we fix the time step to ∆t = 10−3, to be sure the time errors are
negligible, and then vary the mesh. In Figure 2.5, the errors are shown for
varying N from 10 until 200. It is clear that the spatial errors decrease as
N−3, or as h3, with h the size of the elements in the interface mesh. This
confirms that the spatial convergence is optimal using quadratic elements.
Figure 2.5: Emax (red curve) and E2 (green curve) vs. N for ∆t = 10−3, k = 0. The
straight line shows that the error behaves as O(N−3) for large N (small element size).
Finally we include an additional tangential motion to make the mesh
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more uniform during deformation, ut 6= 0 or k 6= 0. Unfortunately, there is
no single optimal value for k. Writing k = k′ǫ˙, it turns out that the optimal
value of k′ for this problem depends on N and therefore on the element size.
For example, for N = 30, 50 and 70, we find optimal values ranges for k′
to be k′ = 15–20, 10–15 and 5–7, respectively, i.e. optimal k′ decreases for
smaller element sizes. Including tangential motion can decrease the error
significantly, especially for Emax. In Figure 2.6, we show the error vs. ∆t (for
N = 50) again, but now for both k = 0 and k = 10ǫ˙. We see, that Emax has
been reduced by an order of magnitude, but also E2 has been reduced by a
factor of more than two.
In conclusion, we can say that the proposed scheme has optimal error
rates in time and space, and choosing the tangential movement (factor k)
wisely can reduce the error significantly.
Figure 2.6: Emax (red and blue curve) and E2 (green and pink curve) vs. ∆t for k = 0
and k = 10ǫ˙, respectively. Mesh is fixed (N = 50). The straight line shows that the error
behaves as O(∆t2) for large ∆t. For small ∆t, the error is dominated by the spatial error.
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2.4.2 Newtonian drop in a Newtonian fluid
As reported in Section 2.2, we consider a single liquid drop or elastic particle
suspended in a fluid under unbounded shear flow, which means, with refer-
ence to Figure 2.1, H ≫ D0. We found H/D0 = 15 to be sufficient to obtain
the unbounded shear condition in all our results.
As an example, in this section, the convergence tests for a Newtonian
drop suspended in a Newtonian fluid (in the absence of interfacial slip) under
unbounded shear flow are presented for Ca = 0.1, and λ = 1.0. The k-factor
of Equation (2.30) is set to 10γ˙.
Due to the applied flow, the initially spherical drop deforms until it at-
tains an ellipsoid-like shape with a fixed orientation with respect to the flow
direction. Thus the Taylor deformation parameter D, and the orientation
angle θ can be chosen as the quantities for evaluating convergence.
In Figure 2.7a, D is reported vs. dimensionless time for ∆t = 0.001, and
for three values of the number of mesh nodes on the equator of the initial
sphere, i.e., 28, 40, and 50. With 40 nodes, the convergence is achieved,
and the results do not change anymore if we increase the number to 50, as
highlighted in the zoomed box, where it is shown that a small difference exists
between the results for 28 and 40 nodes, but there is no difference between
the results for 40 and 50 nodes up to four digits (the symbols referring to
such values completely overlap). In Figure 2.7b, the orientation angle θ is
reported vs. time for the same ∆t and the same values of the number of
nodes on the interface as in Figure 2.7a. Even there, with 40 nodes on the
equator, the convergence is achieved up to four digits (as also pointed out in
the box). We can, then, conclude that under the given flow conditions, 40
nodes on the equator of the sphere are sufficient for the convergence of the
simulation results.
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Figure 2.7: Convergence tests for a Newtonian drop in a Newtonian fluid under un-
bounded shear flow with Ca = 0.1 and λ = 1.0. a) D vs. dimensionless time t for three
values of the number of nodes on the drop-matrix interface; b) θ vs. t for the same three
values of the number of nodes on the interface. For both panels, ∆t = 0.001, k = 10γ˙.
In Figure 2.8a, D is shown vs. time for 40 nodes on the equator of the
initially spherical drop - matrix interface, and for three values of the time-step
for numerical integration, i.e., ∆t = 0.0075, 0.005, 0.002; below ∆t = 0.005,
the results do not change up to four digits, as it is more clearly shown in
the box, where a zoom of the last part of the curves corresponding to the
different ∆t-values is displayed. The same happens for θ, as it is shown in
Figure 2.8b. The fact that below ∆t = 0.005 the results converge in time up
to four digits confirms the validity of the preliminary choice of ∆t = 0.001
for the spatial convergence tests reported in Figure 2.7. In the end, we can
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conclude that 40 nodes on the equator of the initial sphere, which means 926
nodes on the drop-matrix interface, and ∆t = 0.005 ensure the convergence of
the numerical results both in time and space under the given flow conditions.
Figure 2.8: Convergence tests for a Newtonian drop in a Newtonian fluid under un-
bounded shear flow with Ca = 0.1 and λ = 1.0. a) D vs. dimensionless time t for three
values of the time-step; b) θ vs. t for the same three values of the time-step. For both
panels, the number of nodes on the drop-matrix interface is 926 (40 on the equator),
k = 10γ˙.
It has been verified that such values of the mesh and timestep resolutions
are suitable for the simulation of all the systems considered in this thesis, for
all the values of the physical parameters investigated.
In Figure 2.9, deviation with respect to an ellipsoid of the deformed drop
at the steady state is shown. For each of the 926 nodes on the drop-matrix
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Figure 2.9: Normalized distance between the interface mesh nodes and the fitting el-
lipsoid at the steady state for a Newtonian drop in a Newtonian fluid under unbounded
shear flow with Ca = 0.1 and λ = 1.0. The number of nodes on the drop-matrix interface
is 926.
interface, the distance to the analytical fitting ellipsoid, normalized by the
distance of the node from the center of volume of the deformed drop is
plotted. It can be seen that such distance is always in the order of 2 · 10−4,
which means that the fitting ellipsoid is never further than about 0.02% from
the actual interface between the drop and the matrix.
In the following, whenever D- and θ-values are presented, the shape of
the system to which they refer has always been verified to be ellipsoidal.
2.5 Validation of the code
2.5.1 Deformation of a Newtonian drop in a Newto-
nian fluid
The no-slip case
A Newtonian drop is suspended in a Newtonian fluid under unconfined shear
flow, in the absence of interfacial slip. As known from Taylor [95], in the
moderate capillary number regime, the drop deforms into an ellipsoid and
attains a fixed orientation with respect to the direction of the flow.
Figure 2.10: Deformation of a Newtonian drop in a Newtonian fluid under unbounded
shear flow. a) D∞ vs. Ca. Gray solid line: predictions from Equation (1.1); white squares:
experimental data from [49]; black circles: our numerical simulations; b) θ∞ vs. Ca. Gray
solid line: predictions from Equation (2.59); white squares: experimental data from [49];
black circles: our numerical simulations. For both panels, λ = 1.4.
In Figure 2.10a, the steady state values of the Taylor deformation parame-
ter D∞ emerging from our numerical simulations are plotted vs. the capillary
number Ca as black circles. The viscosity ratio is λ = 1.4. Such results are
compared with the predictions obtained from Equation (1.1) for λ = 1.4 (the
solid gray line), and with experimental data from Guido and Villone [49] for
the same viscosity ratio (the white squares). It can be seen that for Ca less
than about 0.3, the linear prediction, the experimental, and the numerical
data substantially overlap, then the experimental points detach from the pre-
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dictions of Equation (1.1), which is confirmed by our numerical results, that
show a very satisfactory quantitative agreement with the experiments in the
whole range of Ca explored. In Figure 2.10b, the steady orientation angle
θ∞ is plotted vs. Ca for the same λ-value as in panel (a). Our numerical
results are displayed as black circles and compared with experimental results
from [49] (the white squares), and theoretical predictions due to Chaffey and
Brenner [13] (the gray solid line), according to which the steady orientation
angle of a deformed drop (in radians) is:
θ∞ =
π
4
− (19λ+ 16)(2λ+ 3)
80(1 + λ)
Ca (2.59)
In the whole range of Ca investigated, a very good quantitative agreement
among the theory, the experiments and the simulations is found.
The case with slip
A Newtonian drop is suspended in a Newtonian fluid under unconfined shear
flow, in the presence of interfacial slip. In analogy to what is shown in the
no-slip case, the drop deforms into an ellipsoid and attains a fixed orienta-
tion with respect to the direction of the flow. The steady deformation and
orientation angle are affected by the extent of the slip.
In Figure 2.11, the steady values of the Taylor deformation parameter
D∞ emerging from our numerical simulations are plotted vs. the capillary
number Ca, for three values of the slip parameter α (α = 0 (no-slip), 0.1,
1.0), as circles. The viscosity ratio is λ = 1.0. Such findings are compared
with the perturbative predictions given by Ramachandran and Leal in [85],
displayed on the graph as solid lines of the same color as the corresponding
data set. It can be seen that, at fixed Ca, the effect of interfacial slip is of
suppressing the deformation of the drop. In the whole Ca-range explored,
i.e., for Ca ≤ 0.1, the numerical data overlap the theoretical predictions.
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Figure 2.11: Steady deformation parameter D∞ of a Newtonian drop in a Newtonian
fluid under unbounded shear flow, in the presence of interfacial slip, as function of the
capillary number Ca. The circles represent numerical simulations, the solid lines represent
theoretical predictions from [85]. The viscosity ratio is λ = 1.0.
2.5.2 Deformation of a viscoelastic drop in a Newto-
nian fluid
In the moderate Ca regime, even viscoelastic drops suspended in Newtonian
fluids subjected to unbounded shear flow deform into ellipsoids with a fixed
orientation with respect to the flow axis. In this case, besides the viscosity
ratio λ, the number pd =
Ψ1,dΓ
2R0η2d
is a physical parameter of the system.
In 2002, Greco [43] performed perturbative analytical calculations of the
deformation and orientation of a viscoelastic drop in a viscoelastic fluid under
unbounded shear flow, from which it emerges that no differences arise for the
deformation parameter with respect to what shown by Taylor for a Newtonian
drop in a Newtonian fluid, whereas the orientation angle (in radians) is:
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Figure 2.12: Deformation of an UCM viscoelastic drop in a Newtonian fluid under
unbounded shear flow. a) D∞ vs. Ca. b) θ∞ vs. Ca. For both panels, λ = 2.0, pd = 0.5;
dashed line: theoretical predictions from [43]; black circles: our numerical simulations.
θ∞ =
π
4
− Ca(16 + 19λ)(3 + 2λ)
80(1 + λ)
+
− Ca
[
p
176 + 436λ+ 323λ2
30(1 + λ)(16 + 19λ)
+ pd
9λ2 + 6λ3
8(1 + λ)(16 + 19λ)
]
(2.60)
From the general result, the cases of a viscoelastic drop in a Newtonian
matrix (p = 0) and of a Newtonian drop in a viscoelastic matrix (pd = 0) can
be derived. In Figure 2.12a, the theoretical prediction from [43] for the steady
deformation parameter D∞(Ca) of a viscoelastic drop in a Newtonian matrix
with λ = 2.0 and pd = 0.5 is plotted as a gray dashed line, and compared
with our data (the black circles) for an UCM drop. It is evident that, for
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Ca ≤ 0.1, the points quantitatively overlap the curve, then a slight negative
deviation starts to be seen. For the steady orientation angle θ∞, as displayed
in Figure 2.12b, where the same symbols as in panel (a) are used, analogous
remarks can be made, the deviation of the simulation results with respect to
the theory for Ca > 0.1 being positive.
2.5.3 Deformation of an elastic particle in a Newtonian
fluid
An initially spherical neo-Hookean elastic particle in a Newtonian fluid sub-
jected to unbounded shear flow deforms because of the applied flow until it
attains an ellipsoidal steady shape with a fixed orientation with respect to
the flow direction. The Taylor deformation parameter D, and the orientation
angle θ are evaluated.
In Figure 2.13a, the temporal trends of the deformation parameter D are
plotted for eight values of the elastic capillary number Cae going from 0.01
to 0.5. The deformation of the particle in the shear plane is higher as Cae
increases. From a dynamic point of view, the higher Cae, the more time the
particle needs to reach the steady deformed shape. In Figure 2.13b, the tem-
poral trends of the orientation angle θ are plotted for the same eight values
of Cae as in panel (a): as Cae tends to 0, the particle tends to orient at
45◦ with respect to the flow direction, whereas, as Cae increases, its orien-
tation progressively tends to align with the flow axis (it is verified that the
major semiaxis L does not go out of the shear plane). It can be also noticed
that for higher Cae-values, the particle needs more time to reach its steady
orientation.
As reported in Section 1.2.3, in 1967, Roscoe [90] investigated from a
theoretical point of view the rheological behavior of an initially spherical
viscoelastic particle in a viscous liquid in the linear Cae-regime, showing
that steady-state solutions are possible such that the particle deforms into
an ellipsoid of fixed orientation, with the deformation and the orientation
depending on a flow parameter. In 2011, Gao et al. [36] employed a (non-
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Figure 2.13: Dynamics of the deformation of a neo-Hookean elastic particle in a New-
tonian fluid under unbounded shear flow. a) D vs. dimensionless time t for eight values of
Cae; b) θ vs. t for the same eight Cae-values.
perturbative) polarization technique to study the behavior of a neo-Hookean
sphere suspended in a Newtonian fluid under unbounded shear flow, obtain-
ing results that successfully overlap Roscoe ones in the linear Cae-regime
(i.e., for Cae ≤ 0.2), and extend them outside it. In Figure 2.14a, the steady
values of D taken from Figure 2.13a are plotted vs. Cae as black circles.
On the same graph, the theoretical predictions by Roscoe and Gao et al.
are reported as a gray dashed line and red diamonds, respectively. It clearly
emerges that a very satisfactory quantitative agreement is achieved with both
for Cae ≤ 0.2, and with Gao et al for Cae > 0.2. So it is for the stationary
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Figure 2.14: Steady deformation of a neo-Hookean elastic particle in a Newtonian fluid
under unbounded shear flow. a) D∞ vs. Cae; b) θ∞ vs. Cae. For both panels, gray
dashed line: theoretical predictions from [90]; red diamonds: theoretical predictions from
[36]; black circles: our numerical simulations.
orientation angle θ∞ too, whose values are displayed in Figure 2.14b as black
circles: the comparison with Roscoe, for Cae ≤ 0.2, and Gao et al., in the
whole Cae-range, gives even in that case a very good quantitative agreement.
In [36], Gao et al. also give analytical expressions for the principal com-
ponents of the extra-stress tensor in the particle, that they find to be uniform
in it. For Cae = 0.2, we compare our numerical results, from which we see
a uniform elastic stress in the particle as well, with their predictions; this
is shown in Figure 2.15, where the temporal evolution of the principal com-
ponents of the extra-stress tensor in the particle are reported (all quantities
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Figure 2.15: Principal components of the extra-stress tensor in a neo-Hookean elastic
particle in a Newtonian fluid under unbounded shear flow with Cae = 0.2. Solid lines:
theoretical predictions from [36]; circles: our numerical simulations.
being dimensionless, as usual). The solid lines are the analytic expressions
given in Section 4.2 in [36], the red curve representing τ11 (the stress com-
ponent in the direction of the major semi-axis of the ellipsoid in the shear
plane), the green curve representing τ22 (the stress component in the direc-
tion of the minor semi-axis of the ellipsoid in the shear plane), and the blue
curve representing τ33 (the stress component in the direction of the semi-axis
of the ellipsoid orthogonal to the shear plane). With the same color code, our
numerical results are displayed as circles. It clearly emerges from the figure
that theoretical and numerical results quantitatively agree over the whole
time-window considered, each set of points overlapping to the corresponding
analytical curve.
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2.6 Final remarks
In this chapter, an arbitrary Lagrangian Eulerian finite element method
based numerical code for viscoelastic fluids using well-known stabilization
techniques (SUPG, DEVSS, log-conformation) is adapted and extended to
study the behavior of soft systems, such as liquid drops and elastic particles,
suspended in flowing media in 3D.
Both drops and elastic particles are modeled as fluids (the particles being
treated as drops of an upper-convected Maxwell fluid with a very large re-
laxation time): for this reason, the interface between the suspended objects
and the matrix needs to be tracked. To do this, a finite element method with
second-order time discretization is defined on the interface, where its normal
velocity equals the normal component of the fluid velocity, and the tangential
velocity is such that the distribution of the elements on the interface is opti-
mized. The advantage of this approach is that at the interface the mesh does
not follow the tank-treading motion of the particle, thus greatly reducing the
distortion of the ALE volume mesh as compared to a Lagrangian description
of the interface. In order to stabilize the interface, the SUPG method is used.
A validation of the code is done for soft systems suspended in Newtonian
fluids under unbounded shear flow: for a Newtonian drop, in the no-slip case,
our results are compared with Taylor predictions [95], and experimental data
from Guido and Villone [49]; in the presence of interfacial slip, with theoret-
ical predictions from Ramachandran and Leal [85]; for an upper-convected
Maxwell drop in a Newtonian matrix, numerical data are compared with
the front tracking finite difference simulations from Aggarwal and Sarkar [1];
for a neo-Hookean elastic particle, simulation outcomes are compared with
theoretical predictions by Roscoe [90] and Gao et al [36]. In all the above
mentioned cases, a very good quantitative agreement is found between the
results by other authors and ours.
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Chapter 3
A single-body problem:
numerical simulations of an
elastic particle in Newtonian
and viscoelastic fluids subjected
to confined shear flow
3.1 Introduction
In the present chapter, the behavior of an initially spherical elastic particle
suspended in confined shear flow of a Newtonian and a Giesekus viscoelastic
liquid is studied by means of 3D arbitrary Lagrangian Eulerian finite ele-
ment method numerical simulations. Due to the applied flow, the particle
deforms; in addition, the presence of solid walls in its vicinity can make it
migrate transversally to the streamlines of the suspending medium. The ef-
fect of the geometrical and physical parameters of the system on both the
deformation and the migration of the soft particle in both the Newtonian
and the viscoelastic matrix is investigated.
The schematic drawing of an initially spherical elastic particle suspended
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Figure 3.1: Geometry of an initially spherical elastic particle suspended in a fluid under
shear flow.
in a fluid under simple shear (already displayed in Figure 2.1) is reported
above. For both the suspended particle and the suspending phase, it is
assumed that inertia can be neglected and that the volume is constant (i.e.,
the materials are incompressible). The balance and constitutive equations
that describe the system, with the relative boundary conditions, for both a
Newtonian and a Giesekus suspending liquid, are given in Sections 2.2.1 -
2.2.2.
In this chapter we choose to make the equations dimensionless by using
the channel gap H as the characteristic length, the inverse of the imposed
shear rate 1/γ˙ = H/2uw as the characteristic time, ηmγ˙ as the characteristic
stress in the matrix and the shear modulus of the elastic material Gp as the
characteristic stress in the particle. The elastic capillary number, defined
as Cae = ηmγ˙/Gp, which is the ratio between the viscous forces and the
elastic forces to which the particle is subjected, arises, then, from Equation
(2.19). In case a viscoelastic matrix is considered, the non-Newtonian coun-
terpart of Cae is N = N1/2Gp (with N1 the first normal stress difference in
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the viscoelastic matrix), which is the ratio between the elastic forces in the
suspending fluid and the particle, respectively. From the definitions given
above, the dimensionless parameter that gives the relative weights of the
elastic and viscous actions of the matrix on the particle is p = N/Ca2e . In
analogy to what shown for drops by Greco in [43], p is a measure of the ‘non-
Newtonianness’ of the problem. All the results appearing in the following
sections are made dimensionless through the above mentioned characteristic
quantities.
The model equations have been solved through the code presented in
detail in Chapter 2. Before running simulations, convergence tests have been
performed in space and time, i.e., mesh resolution and time-step have been
chosen that ensure invariance of the results upon further refinements. For
the simulations presented in this chapter, we have found that meshes with a
number of tetrahedra in the order of 2− 4 ∗ 104 and time-steps in the order
of 1 − 2 ∗ 10−3γ˙−1 are adequate. A detailed description of the procedures
adopted to run convergence tests for the problem of our interest is given in
Chapter 2. Moreover, since periodicities are imposed in the flow and the
vorticity directions, the x and z-dimensions of the domain have been chosen
such that the particle does not feel the influence of its periodic images along
these directions: in all the cases shown in the following, the channel is 10
times the particle diameter. We have performed our simulations on blades
with two hexa-core processors Intel Xeon E5649@2.53GHz and 48 GB of
RAM. The computational time needed to produce the results reported in the
next section ranges from 2-3 days for a Newtonian suspending fluid to 2-3
weeks for a Giesekus matrix.
3.2 Results and discussion
An initially spherical neo-Hookean elastic particle is suspended in a fluid
subjected to shear flow, as shown in Figure 3.1. Unlike in Chapter 2, the
particle is confined in the velocity gradient direction, which means that the
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ratio of the diameter of the undeformed particle Dp and the channel gap
H assumes a finite value β, to which we refer as the blockage ratio; on
the contrary, we have W ≫ Dp, so no confinement exists in the vorticity
direction. In what follows, when we refer to the vertical position of the
particle yp, we mean the y-position of its center of volume on the xy-plane
(the z-coordinate being irrelevant, since W ≫ Dp). Similarly, when we
mention the migration velocity of the particle, we mean the y-component of
the translational velocity computed in its center of volume. The origin of the
reference frame is placed at the center of the flow channel.
3.2.1 Deformation of a neo-Hookean particle in a New-
tonian fluid
In this section, the case of a neo-Hookean particle suspended in Newtonian
fluid in a symmetric position between the walls is considered.
Due to the applied flow, the particle deforms until it attains a steady
ellipsoid-like shape with a fixed orientation with respect to the flow direction.
In Figure 3.2, the projection on the velocity-gradient (xy) plane of the particle
steady shape is displayed for a moderately confined situation (β = 0.2, see
Figure 3.2a), and a strongly confined one (β = 0.6, in Figure 3.2b), and for
four Cae-values, i.e., Cae = 0.05, 0.2, 0.35, 0.5. The points shown in the
graph (each color corresponding to a fixed Cae-value), are the nodes of the
particle-matrix interface mesh lying on the above mentioned plane within
a small tolerance in the z-direction. In order to highlight the deviation of
the deformed particle from the initial spherical shape, the circle representing
the projection of the undeformed sphere on the xy-plane is also shown in
the graph as a dashed line; moreover, to facilitate the comparison of the
results shown in the two panels, the coordinates of each point are normalized
by the radius of the corresponding undeformed particle. From both Figures
3.2a and 3.2b, it is evident that, at fixed β, as the elastic capillary number
increases, the particle becomes increasingly deformed with respect to the
original shape, and progressively tends to align with the x-axis, which is
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Figure 3.2: Projection on the xy-plane of the shape of a deformed neo-Hookean particle
in a Newtonian fluid under confined shear flow for five Cae-values. a) β = 0.2; b) β = 0.6.
The particle is placed in a symmetric position between the walls. The black dashed circle
is the projection of the initial spherical shape of the particle.
the flow direction. On the other hand, at fixed Cae, the more confined
particle, displayed in Figure 3.2b, is more deformed and more flow-aligned
than the less confined one, shown in Figure 3.2a, such difference becoming
more evident at high Cae-s (see, for example, the green circles, representing
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the case at Cae = 0.35, and the orange circles, for which Cae = 0.5). As we
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Figure 3.3: Steady deformation of a neo-Hookean elastic particle in a New-
tonian fluid under confined shear flow. The particle is placed in a symmetric
position between the walls. (a) D∞ vs. Cae for five values of the blockage
ratio β; (b) θ∞ vs. Cae for the same five β-values.
see from Figure 3.2, the steady deformed shape of a neo-Hookean particle
suspended in Newtonian fluid in a symmetric position between the walls is
very close to an ellipsoid. The Taylor deformation parameter is defined as
the ratio of the difference and the sum of the major and minor semiaxes of
the ellipsoid in the shear plane. From the projection of the particle shape on
the xy-plane, the steady Taylor deformation parameter D∞ and the angle θ∞
between the ellipsoid major semi-axis and the flow direction are evaluated at
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varying β and Cae.
In Figure 3.3a, D∞ is plotted as a function of the elastic capillary number
Cae for Cae ≤ 0.5, and β = 0 (unbounded case), 0.1, 0.2, 0.4, 0.6. In addition,
the theoretical predictions by Gao et al. [36] (that, for Cae ≤ 0.2, reproduce
Roscoe [90]) for the deformation of an elastic particle in a Newtonian fluid
in unconfined shear flow are reported as a gray dashed curve. It is already
said in Chapter 2 that, in unbounded shear flow, our simulations show an
excellent quantitative agreement with [36] for Cae ≤ 0.5, as proved by the
fact that the black circles lie along the gray dashed line in the whole Cae-
range explored. By looking at the graph, it emerges that, in the confined
situation, the D∞ − vs. − Cae trends are qualitatively similar to the trend
in the unbounded case: below Cae = 0.2, D∞ grows linearly with Cae, then
the growth becomes less than linear. From the quantitative point of view,
it can be seen that the presence of the walls has no substantial influence
for a blockage ratio up to 0.2, since the red diamonds (β = 0.1) and the
green triangles (β = 0.2) almost overlap the black circles for all the values
of the capillary number considered; instead, for β = 0.4 and 0.6 (the blue
stars and the pink squares, respectively), D∞ appreciably increases with
respect to the unbounded value, the difference progressively growing with
Cae, and reaching about 10% for β = 0.6 and Cae = 0.5. In Figure 3.3b, the
steady orientation angle θ∞ is displayed as a function of Cae for the same
five β-values as in panel (a). Like in Figure 3.3a, Gao et al. predictions
are reported as a gray dashed line (also for θ∞ such predictions reproduce
Roscoe for Cae ≤ 0.2). Similar considerations as for D∞ can be made: below
Cae = 0.2, θ∞ linearly decreases with Cae, starting from the limit value of
π
4
(i.e., 45◦); the qualitative θ∞ − vs. − Cae trends do not change in the
confined case with respect to the unconfined one, θ∞ decreasing with Cae for
every β. From the quantitative point of view, for β = 0.1 and 0.2, almost no
differences with the unconfined system are seen (except of β = 0.2 and Cae
= 0.5, where the green triangle is below the black circle and the red diamond
of about 2.5%); for β = 0.4 and 0.6, the particle has a progressively greater
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tendency to align with the flow, as shown by the fact that the blue stars and
the pink squares visibly lie below the other symbols, and the θ∞-decrease
becomes more evident as Cae increases, reaching about 30% with respect to
the unbounded case for β = 0.6 and Cae = 0.5.
As written above, when Cae is below 0.2, both D∞ and θ∞ are linear
with it for every β. Thus, in that low-Cae regime, we can write:
D∞ =
5
4
(1 + A(β))Cae (3.1)
θ∞ − π
4
= −3
4
(1 +B(β))Cae (3.2)
with 5
4
(1 + A(β)) and −3
4
(1 + B(β)) the (β-depending) slopes of the linear
trends of the steady deformation parameter and orientation angle with Cae,
respectively (factors 5
4
and −3
4
come from the consideration that, when β =
0, we have to recover Roscoe theory). From the interpolation of the data
shown in Figure 3.3 for Cae ≤ 0.2, we get, for every β, the corresponding A-
and B-values; if we, then, interpolate the A− vs.− β and B − vs.− β data
sets, we obtain:
A(β) =
8
5
β3 (3.3)
B(β) =
11
3
β3 (3.4)
It is worth remarking that such cubic β-dependence of A and B quantita-
tively confirms what qualitatively observed by looking at the results shown
in Figure 3.3, namely, that a low confinement (e.g. β = 0.1, 0.2) does not sig-
nificantly influence the steady deformation and orientation of the particle in
the low-Cae range. By combining Equations (3.1) - (3.4), it is possible to ex-
press the steady orientation angle θ∞ as a function of the steady deformation
parameter D∞. This yields:
θ∞ − π
4
= −3
5
(1 + 11
3
β3)
(1 + 8
3
β3)
D∞ (3.5)
Notice that, since for Cae ≤ 0.2 both θ∞ and D∞ are linearly dependent
on Cae, such dependence disappears if we write the angle as a function of
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the deformation parameter, the only parameter in Equation (3.5) being β.
Then, for any fixed value of the blockage ratio β, we can plot the steady
orientation of the particle θ∞ vs. the corresponding steady deformation D∞
(thus ‘hiding’ the variation of the elastic capillary number Cae); in Figure
3.4, this is done for β = 0, 0.1, 0.2, 0.4, 0.6. By looking at the graph, it can
be noticed that, for every β, θ∞ linearly decreases with D∞ over the whole
D∞-range (hence, Cae-range) considered. If we compare the sets of points at
varying β displayed in Figure 3.4 with the results of Equation (3.5) (see the
dashed lines in Figure 3.4), we discover that such function (obtained in the
limit of low Cae, where both D∞ and θ∞ can be considered to be linearly
dependent on that parameter) quantitatively describes the θ∞(D∞)-trend
over the whole range of Cae explored, even if D∞ and θ∞ are individually no
longer linear functions of Cae.
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Figure 3.4: Steady orientation θ∞ of a neo-Hookean elastic particle in a Newtonian fluid
under confined shear flow as a function of its steady deformation parameter D∞ for five
values of the blockage ratio β. The particle is placed in a symmetric position between the
walls. The dashed lines show the trends of the fitting function given in Equation (3.5)
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3.2.2 Migration of a neo-Hookean particle in a New-
tonian fluid
An initially spherical neo-Hookean elastic particle is now suspended out of
the velocity-vorticity symmetry plane (i.e., the mid plane) of a channel filled
with a Newtonian fluid under shear flow (so, it is yp,0 6= 0). In analogy to
what is shown in Section 3.2.1, the particle deforms because of the applied
flow, but, due to the asymmetry of its initial position along the velocity
gradient direction (it starts closer to one wall of the channel than to the
other), the deformed shape is no longer ellipsoidal (thus, symmetric). A new
phenomenon correspondingly arises, which is the cross-streamline migration
of the particle.
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Figure 3.5: Trajectories, at varying initial position, of a neo-Hookean particle in a New-
tonian fluid under confined shear flow. The blockage ratio is β = 0.4, the capillary number
is Cae = 0.1. The shaded region represents the portion of the channel not physically ac-
cessible by the center of mass of the particle.
In Figure 3.5, the trajectories of the particle, with reference to the position
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of its center of volume yp, are displayed for β = 0.4 and Cae = 0.1. Five
initial vertical positions are considered in the upper half of the channel, the
dynamics in the lower half being analogous (mirrored) due to symmetry; in
particular, such positions are yp,0 = 0.05, 0.10, 0.15, 0.20, 0.27 (notice that,
given β = 0.4, a sphere touching the wall has yp = 0.30). By looking at the
graph, it can be seen that, wherever the particle is initially placed, it always
migrates towards the center of the channel.
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Figure 3.6: Migration velocity vp of a neo-Hookean particle in a Newtonian fluid under
confined shear flow as a function of its vertical position yp. The gray solid line is the
migration velocity master curve. The blockage ratio is β = 0.4, the capillary number
is Cae = 0.1. The shaded region represents the portion of the channel not physically
accessible by the center of mass of the particle.
In Figure 3.6, we plot the migration velocity of the particle vs. its vertical
position in the upper semi-channel for the same blockage ratio, capillary
number, and starting positions considered in Figure 3.5: it can be seen that
the curves corresponding to different initial positions, if we exclude the very
early stages of the dynamics, all arrange along a single master curve (the gray
solid line in Figure 3.6), that, then, entirely rules the migration dynamics of
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the particle, at fixed β and Cae, in the whole channel. In particular, it
emerges that the migration is faster as the particle is closer to the wall,
whereas the migration velocity asymptotically tends to zero as the particle
approaches the center plane, where no migration is actually detected.
Figure 3.7: 3D view of the shape of a deformed neo-Hookean particle in a Newtonian
fluid under confined shear flow; the red portion of the surface has positive y-component of
the outwardly directed unit vector n, whereas the blue portion has negative y-component
of n. The blockage ratio is β = 0.4, the capillary number is Cae = 0.1. The snapshot
refers to the vertical position yp = 0.213, the particle having started from yp,0 = 0.27.
As hinted above, when an initially spherical elastic particle is suspended
out of the velocity-vorticity symmetry plane in a fluid under confined shear
flow, it deforms attaining an asymmetric shape. A snapshot of this is given,
for β = 0.4 and Cae = 0.1, in Figure 3.7, where a 3D view of the deformed
shape of a particle starting from yp,0 = 0.27 is shown. The image is taken at
a height yp = 0.213, with the particle migrating downwards (i.e., towards the
center plane of the channel). The white line marks the intersection between
the particle surface and a plane that divides the body in two portions, the
one (displayed in red) characterized by a positive y-component ny of the out-
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wardly directed unit vector normal to the surface n, and the other (displayed
in blue) with negative ny. In other words, the white line is the locus of the
points on the surface of the particle where the normal unit vector is parallel
to the moving plates of the flow cell. Even if it is not manifest from the
image, the red area exceeds the blue area. We define the ‘surface imbalance’
of the particle as the discrepancy of the the surface area with positive ny and
the surface area with negative ny, normalized by one half of the the total
actual surface area of the particle; in symbols:
∆S =
Sp,n+y − Sp,n−y
Sp/2
(3.6)
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Figure 3.8: Surface imbalance ∆S of a neo-Hookean particle in a Newtonian fluid under
confined shear flow as a function of its vertical position yp. The gray solid line is the surface
imbalance master curve. The blockage ratio is β = 0.4, the capillary number is Cae = 0.1.
The shaded region represents the portion of the channel not physically accessible by the
center of mass of the particle.
For the same flow conditions as in Figures 3.5 and 3.6, such quantity is
plotted in Figure 3.8 as a function of the particle vertical position yp. Like
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for the migration velocity vp, the curves corresponding to the five different
initial positions, excluding the very early stages, all lie on a single master
curve (the gray solid line), that gives the surface imbalance of the particle
in the whole channel. By looking at Figure 3.8, it should be noticed that,
for the β- and Cae-values taken into account, the master curve is everywhere
positive in the upper half of the channel, which means that the portion of the
surface area with positive ny is everywhere greater than the portion of the
surface area with negative ny. From the comparison of Figures 3.8 and 3.6,
it can be seen that the magnitude of the migration velocity, whose sign is
negative everywhere in the upper half of the channel, grows with the surface
imbalance, i.e., the more the surface area with positive ny overtakes the
surface area with negative ny, the faster the particle migrates downwards.
The effects of the blockage ratio β and of the capillary number Cae on
the migration velocity of a neo-Hookean particle in a Newtonian fluid under
confined shear flow are shown in Figures 3.9a and 3.9b, respectively. In Fig-
ure 3.9a, the migration velocity master curves are plotted vs. the vertical
position of the particle yp in the upper half of the channel, normalized by
the maximum attainable height yp,max, for Cae = 0.1 and five different values
of the blockage ratio β; instead, in Figure 3.9b, the migration velocity mas-
ter curves are reported for β = 0.2 and five different values of the capillary
number Cae. From such figures, it emerges that neither the change of the
particle confinement nor the change of the capillary number have any qual-
itative effect on the trend of the migration velocity of the particle, that is
always negative in the whole upper half of the channel, with its magnitude
decreasing from the wall to the center. In other words, for all the values of
the parameters investigated, the particle always migrates towards the center
plane of the channel, and moves faster when it is closer to the wall. From
the quantitative point of view, at any fixed position yp/yp,max, vp increases
with both β and Cae, i.e., a more confined geometry and/or a more intense
flow speed up the cross-stream migration.
If we put ourselves in the vicinity of the channel center plane, i.e., we
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Figure 3.9: Effect of the blockage ratio β and of the capillary number Cae on the
migration velocity vp of a neo-Hookean particle in a Newtonian fluid under confined shear
flow as a function of its normalized vertical position yp/yp,max. (a) Migration velocity vp
for Cae = 0.1 and four different β-values; (b) migration velocity vp for β = 0.2, and five
different Cae-values.
consider the region where yp/yp,max ≤ 0.1, we can see that the migration
velocity goes linearly with the vertical position of the particle. In other
words, we can write:
vp = f(β)g(Cae)
yp
yp,max
(3.7)
with f(β)g(Cae) the slope of the linear curve, depending on the parameters
β and Cae. By interpolating the values of vp arising from simulations for
yp/yp,max ≤ 0.1 at low β and Cae, we can give a functional form to the terms
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f(β) and g(Cae) appearing in Equation (3.7); we obtain:
vp = −2β3Cae yp
yp,max
(3.8)
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Figure 3.10: Effect of the blockage ratio β and of the capillary number Cae on the
migration velocity vp of a neo-Hookean particle in a Newtonian fluid under confined shear
flow as a function of its normalized vertical position yp/yp,max in the vicinity of the channel
centerplane (yp/yp,max < 0.1). (a) Migration velocity vp for β = 0.2 and four different
Cae-values; (b) migration velocity vp for Cae = 0.1 and three different β-values. In both
panels, the dashed lines show the trends of the fitting function Equation (3.8).
Hence, the slope of the linear law that links the migration velocity to the
height of the particle in the proximity of the channel center plane is a cubic
function of the blockage ratio and a linear function of the capillary number.
In Figure 3.10a, we report, for yp/yp,max ≤ 0.1, β = 0.2, and Cae ranging from
0.05 to 0.2, the numerical migration velocities, as symbols, and the results
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of Equation (3.8), as dashed lines of the same color. It can be seen that,
under the given conditions, there is a fair quantitative agreement between
the simulation data and the linear law (the greatest discrepancy being of less
than 10% for Cae = 0.2 and yp/yp,max = 0.1). In Figure 3.10b, the same is
done, fixed Cae = 0.1 and for β = 0.1, 0.2, 0.3: here, the agreement between
simulation data and predictions from Equation (3.8) is very good for β ≤
0.2, but starts to become unsatisfactory for β = 0.3, where a discrepancy of
40% arises at yp/yp,max = 0.1.
Regarding the influence of the blockage ratio β and the capillary number
Cae on the surface imbalance ∆S, remarks analogous to those made for the
migration velocity may be made. The surface imbalance is always everywhere
positive in the upper semi-channel (as shown, for β = 0.4 and Cae = 0.1,
in Figure 3.8), and decreases as the particle gets closer to the center plane.
The quantitative effect of the confinement is of enhancing the asymmetry
of the particle deformation, i.e., fixed yp/yp,max and Cae, ∆S grows with
β. The same effect is produced by the capillary number: given a yp/yp,max-
value and fixed β, ∆S grows with Cae. It is, then, possible to relate the
particle migration velocity vp to the surface imbalance ∆S (thus, ‘hiding’ the
position of the particle), yielding a qualitative explanation of the fact that an
inertialess elastic particle suspended out of the center plane of a channel filled
with an inertialess Newtonian fluid under shear flow migrates transversally
to the flow direction towards the above mentioned center plane: indeed, since
no normal stresses arise in a Newtonian fluid, and the shear stress around
the particle is uniform, the force exerted by the fluid on the particle from
the wall side (i.e., in the upper semi-channel, on the portion of the particle
surface characterized by a positive vertical component of the unit vector n)
overcomes the force exerted from the center side (i.e., in the upper semi-
channel, on the portion of the particle surface characterized by a negative
vertical component of the unit vector n) due to the surface imbalance, this
leading to a net transversal force in the direction of the center plane. As the
surface imbalance grows, the net force acting on the elastic body grows, so
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the migration speeds up.
3.2.3 Deformation of a neo-Hookean particle in a Giesekus
fluid
In this section, the case of a neo-Hookean particle suspended in a flowing
Giesekus liquid is examined. The constitutive parameter αm (see Equation
(2.6)) is chosen equal to 0.2. For simplicity, an unbounded shear flow is
only considered, i.e., with β = 0. We aim at determining the effects of the
non-Newtonianness of the suspending liquid on the particle deformation.
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Figure 3.11: Steady deformation of a neo-Hookean elastic particle in a Giesekus vis-
coelastic fluid under unbounded shear flow. (a) D∞ vs. Cae for five values of p; (b) θ∞
vs. Cae for the same five p-values.
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Due to the applied flow, the particle deforms until it attains a steady
ellipsoid-like shape with a fixed orientation with respect to the flow direc-
tion; from the projection of the particle shape on the xy-plane, the steady
Taylor deformation parameter D∞ and orientation angle θ∞ are evaluated at
varying Cae and p. In Figure 3.11a, D∞ is plotted as a function of the elastic
capillary number Cae for Cae ≤ 0.5, and p = 0 (Newtonian matrix), 1.0, 3.0,
4.5; the theoretical prediction by Gao et al. [36] for the deformation of an
elastic particle in a Newtonian fluid in unconfined shear flow is also reported
as a gray dashed curve. It emerges from the figure that, as the elasticity of
the suspending medium increases (i.e., as p increases), no significant qualita-
tive differences are observed in the D∞− vs.−Cae trends, which are always
linearly increasing in the low-Cae regime, to become less than linearly grow-
ing with increasing Cae; with respect to Cae, the ‘loss of linearity’ happens
earlier as p increases. Quantitative differences at varying p are clearly visible
for Cae ' 0.1, where, at fixed Cae, D∞ decreases with p. Such result appears
to be analogous to what theoretically predicted by Greco [43], and experi-
mentally confirmed by Guido et al. [48], for Newtonian drops in unbounded
shear flow of viscoelastic media. In Figure 3.11b, the steady orientation an-
gle θ∞ is displayed as a function of Cae for the same four p-values as in
panel (a); like in Figure 3.11a, Gao et al. predictions are reported as a gray
dashed line. The qualitative behavior of θ∞(Cae) at varying p is the same:
starting from the limit value of π
4
(45◦), in the low-Cae region θ∞ linearly de-
creases with Cae, then the simulation results deviate upwards with respect
to the linear trend. The (negative) slope of the θ∞ − vs. − Cae curves in
the linear region changes with p, becoming increasingly steep as p grows up.
Also those results are analogous to what theoretically predicted in [43], and
experimentally confirmed in [48], for Newtonian drops in unbounded shear
flow of viscoelastic media. An analysis analogous to that made in Section
3.2.1 can be made concerning the influence of the parameter p on the steady
orientation angle θ∞ at low Cae-s, yielding:
θ∞ − π
4
= −3
4
(1 +
11
75
p+
2
25
p2)Cae (3.9)
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3.2.4 Migration of a neo-Hookean particle in a Giesekus
fluid
An initially spherical neo-Hookean elastic particle is suspended out of the
velocity-vorticity symmetry plane of a channel filled with a Giesekus vis-
coelastic fluid under shear flow. The constitutive parameter αm is again
chosen equal to 0.2.
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Figure 3.12: Trajectories, at varying initial position, of a neo-Hookean particle in a
Giesekus fluid under confined shear flow. The blockage ratio is β = 0.2, the capillary
number is Cae = 0.1, the parameter p is equal to 4.5. The shaded region represents the
portion of the channel not physically accessible by the center of mass of the particle.
In Figure 3.12, the trajectories of the particle are displayed for β = 0.2,
Cae = 0.1, and p = 4.5. Four initial vertical positions in the upper half of
the channel are considered, i.e., yp,0 = 0.10, 0.20, 0.28, 0.35. Unlike the case
with a Newtonian fluid, shown in Figure 3.5 above, the direction of the lateral
migration of the particle now depends on its starting height. Indeed, when
starting from yp,0 = 0.28 and 0.35, the particle migrates downwards, as in the
Newtonian case, whereas, when starting from yp,0 = 0.10 and 0.20, it migrates
upwards. Hence, at variance with the case with a Newtonian matrix, in the
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presence of a viscoelastic matrix the center plane is no longer an attractor
for the suspended body. Rather, the particle moves away from both the
center plane and the wall of the channel towards an equilibrium position
somewhere in between them (the black point in Figure 3.12, identified as
explained below).
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Figure 3.13: Migration velocity vp (master curve) of a neo-Hookean particle in a Giesekus
fluid under confined shear flow as a function of its vertical position yp. The blockage ratio
is β = 0.2, the capillary number is Cae = 0.1, the parameter p is equal to 4.5. The shaded
region represents the portion of the channel not physically accessible by the center of mass
of the particle.
As for the case with a Newtonian suspending phase, a migration velocity
master curve exists, that rules the migration dynamics along the whole chan-
nel gap. The migration velocity master curve as a function of the particle
vertical position is reported for β = 0.2, Cae = 0.1, and p = 4.5 in Figure
3.13. With respect to the Newtonian case (see Figure 3.6), there is a signi-
ficative qualitative difference in the migration velocity trend, since here vp is
non-monotonic with yp. Starting from yp = 0, where vp = 0, as the height in-
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creases, the migration velocity first increases, reaches a maximum (at about
yp = 0.16), and then begins to decrease, until it becomes zero again: this
happens at yp = 0.26 (the abscissa of the point of intersection between the
migration velocity master curve and the horizontal dashed line at vp = 0 in
Figure 3.13); for yp > 0.26, vp is negative. As in [100], we define the height
at which the particle migration velocity is zero as the ‘neutral height’ yN:
given the trend of the migration velocity shown in Figure 3.13 (vp positive
below yN and negative above it), such height identifies the stable equilibrium
vertical position towards which the particle tends from every initial position
in the upper semi-channel. Of course a symmetric situation exists in the
lower semi-channel, with the particle migrating towards yp = -0.26. The mid
plane yp = 0 is then an unstable equilibrium position, since we know that
a particle suspended in an exactly symmetric position with respect to the
walls does not migrate away from there, but any perturbation would make
the particle move away from the center plane.
It is interesting to investigate what happens at varying elasticity of the
matrix, i.e., at varying p. Then, we choose three Cae-values (Cae = 0.1,
0.2, 0.3), and, for each of those values, we run simulations by changing p.
In Figure 3.14, the neutral height in the upper semi-channel is shown as
a function of p for Cae = 0.1 (red circles), 0.2 (green triangles), 0.3 (blue
squares): it can be seen that, at any fixed Cae, the neutral height moves
towards the wall as p increases. Beyond a critical p, the neutral height goes
to coincide with the upper wall. In other words, above a critical p-value the
walls of the channel become attractors for the particle, and wherever the
particle starts (except the very special unstable case of yp,0 = 0), it always
migrates towards the closest wall. A similar phenomenon of ‘attraction of the
walls’ was described by D’Avino et al. in [25] for a rigid sphere in confined
shear flow of a Giesekus fluid; at variance with the present findings, however,
a rigid sphere migrates towards the closest wall for any elasticity of the
suspending fluid. Another nice result shown in Figure 3.14 is that the three
series of points at three Cae-values all in fact arrange on a unique curve (the
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gray dashed line displayed on the graph): this means that, regardless Cae, the
parameter p effectively measures the competition of the two opposite actions
to which the particle is subjected: on the one hand, the viscous stresses
enhance the particle deformation, thus its migration towards the center (the
limiting case being at p = 0, i.e., for a Newtonian matrix, where the particle
always migrates towards the center of the channel); on the other hand, the
elastic (normal) stresses depress the particle deformation, thus they push it
to migrate towards the walls (the limiting case being at p → ∞, i.e. for
an undeformable particle, that always migrates towards the closest wall). In
practice, we detect that, for p between 0 and ∼10, the competition between
the two effects ends up in an ‘equilibrium’, so the migration of the particle is
directed towards a neutral height in between the center plane and the wall.
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Figure 3.14: Migration of a neo-Hookean particle in a Giesekus fluid under confined
shear flow: neutral height in the upper semi-channel yN as a function of the parameter p
for Cae = 0.1 (red diamonds), 0.2 (green circles), 0.3 (blue squares). The blockage ratio is
β = 0.2. The shaded region represents the portion of the channel not physically accessible
by the center of mass of the particle.
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3.3 Final remarks
In this chapter, the deformation and cross-streamline migration of an ini-
tially spherical neo-Hookean elastic particle suspended in confined shear flow
of Newtonian and Giesekus viscoelastic fluids is studied by means of 3D
arbitrary Lagrangian Eulerian finite element method numerical simulations.
When suspended in a Newtonian fluid in a symmetric position with re-
spect to the moving walls of the shear flow cell, the particle is found to deform
until it attains a steady ellipsoid-like deformed shape, with a fixed orientation
with respect to the flow direction. The two dimensionless parameters that
govern the phenomenon are the elastic capillary number Cae, that relates
the viscous forces acting on the particle and its elasticity, and the geometric
blockage ratio β. The effects of such parameters on the steady deformation
and orientation of the channel-mid plane-centered elastic particle are inves-
tigated: it is found that both Cae- and β-increases lead to a more deformed
steady shape, and a more pronounced flow-alignment.
If the particle is initially suspended in a Newtonian liquid closer to a
wall of the channel than to the other, it migrates transversally to the flow
direction towards the center plane of the channel. For any given couple of
values of the parameters β and Cae, a master curve describes the migration
velocity trend as a function of the particle vertical position in the gap of the
channel, with the migration velocity increasing as the particle is closer to
a wall. Out of the center plane of the flow cell, the deformed shape of the
particle is found to be asymmetric, with the portion of its surface exposed
to the fluid from the side of the wall slightly overcoming the portion of the
surface exposed from the side of the center of the channel. Another master
curve quantitatively describes such surface imbalance as a function of the
particle vertical position over the gap of the channel, for any fixed β − Cae
couple: the surface imbalance is larger as the particle is closer to the wall.
When the elastic particle is suspended in a sheared Giesekus viscoelastic
fluid, its steady deformation and orientation angle will depend on β, Cae and
on the new parameter p, which measures the relative weight of the elastic and
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viscous forces in the matrix. The effects of such parameters are investigated.
In the simple case β = 0 (unbounded shear), it is found that a Cae-increase
leads to both a more pronounced deformation and flow-alignment of the
particle, whereas p contrasts deformation and promotes flow-alignment.
Like in a Newtonian fluid, also in a viscoelastic matrix the particle is
found to migrate transversally to the flow direction when initially suspended
out of the symmetry plane of the flow cell. Depending now on the value
of p, however, the equilibrium position ‘attracting’ such migration changes.
Indeed, low p-s promote migration towards the center plane, whereas high
p-s promote migration towards the walls. For p below 10, the competition
between the effects of the viscous and the elastic forces acting on the particle
results in an equilibrium height in between the center plane and the wall.
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Chapter 4
A multi-body problem:
numerical simulations of the
linear viscoelasticity of
monodisperse emulsions of
Newtonian drops in a
Newtonian fluid from dilute to
concentrated regime
4.1 Introduction
In this chapter, we assess the validity of Oldroyd’s theory, not only in the case
of dilute systems (i.e., for vanishing φ), but also for concentrated emulsions
(indeed, as mentioned above, Oldroyd’s original predictions through his cell
model were derived with no limitations on the emulsion concentration φ). To
do this, we compute the bulk linear viscoelastic properties of monodisperse
emulsions of Newtonian drops in a Newtonian matrix are computed by means
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of ALE FEM 3D numerical simulations for φ up to 0.30, 0.1 ≤ λ ≤ 100.0,
and 0.02 ≤ ω∗ ≤ 10.0, where ω∗ (see below) is the dimensionless frequency
of the oscillatory forcing to which the emulsions are subjected. The case
with interfacial slip between the drops and the suspending matrix is also
considered in the analysis.
Figure 4.1: Schematic drawing of a monodisperse emulsion of Newtonian drops in a
Newtonian matrix undergoing Small Amplitude Oscillatory Shear flow.
In Figure 4.1, a schematic drawing of a monodisperse emulsion of New-
tonian drops with diameter Dd in a Newtonian matrix undergoing Small
Amplitude Oscillatory Shear (SAOS) flow is reported. Both the dispersed
phase and the matrix are assumed to be incompressible and inertialess, so
the system can be modeled through the mass and momentum balances for
the two phases in the constant density Stokes formulation given in Sections
2.2.1 - 2.2.2.
By extending the analysis of Batchelor [5], the bulk stress 〈σ〉 of an
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emulsion accounting for the slip condition is expressed as (see, e.g., [69, 86]):
〈σ〉 = 1
V
[∫
V−
∑
Vi
d
σmdV +
∑
i
∫
Vi
d
σiddV
]
+
− Γ
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∑
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(
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dA+
+
ηm
V
∑
i
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Ai
d
[(uid − um)nid + nid(uid − um)]dA]
(4.1)
where V is the volume of the integration domain, V −∑Vid is the volume
occupied by the matrix in that domain, Vid and A
i
d are the volume and surface
area of the i -th drop, respectively. The first contribution in square brackets is
the volume-averaged bulk stress, the second term accounts for the interfacial
tension, the last term is due to the interfacial slip (that drops out in case of
no-slip condition, since uid−um = 0, as given by Equation (2.18) for α = 0).
In this chapter, the bulk elastic and lossmoduli of monodisperse emulsions
of Newtonian drops in a Newtonian matrix are investigated in the linear
regime as a function of the volume fraction of the dispersed phase φ, and of
the frequency of the forcing wave ω, for various values of the drop-to-matrix
viscosity ratio λ and the slip coefficient α. The oscillating solid boundaries
of the flow cell (see Equations (2.11) and (2.12)) move according to:
uw(ω, t) =
H
2
γω sin(ωt) (4.2)
where H is the gap between the plates, γ ≪ 1 is the amplitude of the
oscillations to which the plates are subjected, and ω is the frequency of such
oscillations. To assure that, for a chosen strain amplitude γ, the emulsion
response is linear, we verify that, by doubling the strain amplitude, the
following relationship holds:
〈σxy(ω, t)〉|2γ = 2〈σxy(ω, t)〉|γ (4.3)
As the system is in the linear regime, the Fourier analysis of the xy-component
of the bulk stress 〈σxy〉 does not give rise to higher order harmonics. That
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means that 〈σxy〉 can be expressed as:
〈σxy(ω, t)〉 = γ(G′(ω) cos[ωt] +G′′(ω) sin[ωt]) (4.4)
where G′ is the elastic modulus, and G′′ is the loss modulus. Actual compu-
tation of G′(ω), and G′′(ω) of the emulsion is described in detail in the next
section.
4.2 Computational approach
Figure 4.2: Geometry of the computational domain. φ = 0.05.
In Figure 4.2, an example of the computational domain for φ = 0.05 is
displayed: monodisperse non-overlapping drops are randomly distributed in
a cube with side H , and the upper and lower boundaries of such subdomain
(along the y-direction) are solid walls that oscillate according to Equation
(4.2).
Given a size of the computational domain, there are of course infinite
combinations of the number of drops and their diameter that give a specific
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volume fraction φ. For a fixed a φ-value, we progressively reduce the diameter
of the drops Dd (and proportionally increase their number) until the moduli
in the computational domain do not change anymore. When this condition
is satisfied, we consider the system to be an emulsion. For every φ, the
invariance of the moduli is reached when Dd ≤ 0.167H , as in [21].
In order to evaluate the bulk elastic and loss moduli of an emulsion char-
acterized by certain values of λ and φ, and subjected to oscillations at a
certain frequency ω, the average stress tensor 〈σ〉 has to be computed in the
bulk of the emulsion. By definition of bulk, an issue to be taken into ac-
count is avoiding wall effects: the viscoelastic response of the material must
become independent of the distance between the walls. To ensure this, the
average stress of the system is computed in a cubic subdomain concentric
to the whole domain, and with its boundaries at a certain distance from the
boundaries of the original ‘big’ cube (as an example, see the red cube in
Figure 4.2). Such subdomain is considered suitable, i.e., free of wall effects,
if in it and in a further smaller cube the same viscoelastic properties are
computed.
Since the drops are initially randomly distributed in the domain, in prin-
ciple, during oscillations they may cross the periodic boundaries of the cube;
due to the numerical technique adopted, that would make the simulations
crash. Since the amplitude of the oscillations can be chosen arbitrarily small,
however, we make sure that such scenario is avoided. It should be noticed
that this does not prevent the drops from crossing the boundaries of the
‘bulky’ subdomain where the quantities of interest are computed (see above);
following [23, 24], when computing the integrals in Equation (4.1), we include
in the integration volume all the drops whose center-of-mass belongs to the
subdomain.
To simulate emulsions beyond the dilute regime, a large number of drops
needs to be considered, which would enormously increase the computational
requirements of our simulations, both in terms of time and memory, until, in
correspondence of a critical φ-value, such cost would become unsustainable.
75
However, we find that, as φ increases, the bulk properties of emulsions can
be effectively calculated even if only the subdomain where the average shear
stress is computed is actually filled with drops, the space between it and the
boundaries of the whole computational domain being filled with pure matrix.
Let us, now, explain in detail the two main aspects mentioned above:
(i) how we guarantee that wall effects are negligible; (ii) how we succeed in
reducing the computational cost of our simulations by building up suitable
simulation domains (the ‘bulky’ subdomains alluded to above) containing
relatively few drops with respect to the number of drops that would pertain
to the complete simulation domain at a given volume fraction. To illustrate
those issues, for the sake of simplicity in the exposition, we perform our
discussion in 2D. The proposed methodology is general, however, and all the
3D results reported in the following are obtained in the way described here.
Figure 4.3: Geometry of the 2D computational domain. φ = 0.27.
Let us consider a 2D square cell filled with a Newtonian fluid with monodis-
perse Newtonian drops with volume fraction φ = 0.27. The viscosity ratio
between the drops and the matrix is λ = 2.0, no slip acts between the drops
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and the matrix. The side of the cell is 36 times the initial radius of the drops,
and the system is subjected to Small Amplitude Oscillatory Shear flow with
frequency ω = 0.4 (made dimensionless as explained in Section 4.3). In Fig-
ure 4.3, a scheme of such domain in its initial configuration is reported, where
the distribution of the drops is random. The upper and lower sides of the
square are solid walls that move according to Equation (4.2). Due to com-
putational reasons, in the generation of the random initial positions of the
drops, the constraint is added that they cannot cross the vertical boundaries
of the flowcell. If we look at a series of concentric square subcells character-
ized by a progressively smaller side (the red squares in Figure 4.3), the initial
volume fraction of the drops in those changes with the side of the subdomain
we take into account, since the overall initial distribution of the drops is ran-
dom. Moreover, whereas φ is constant in time in the ‘big’ domain (the drops
cannot cross the vertical boundaries of the flowcell), it can vary in the ‘red’
subdomains, since the drops can cross the red sides during oscillations.
In Figure 4.4, the time-averaged volume fraction of the drops is reported
vs. the side of the subdomain in which it is computed, made dimensionless
by the radius of the drops Rd, for an overall volume fraction φ = 0.27,
λ = 2.0, ω = 0.4. Each point in the diagram is in turn the average of the
results obtained for ten different random initial distributions of the drops.
By looking at Figure 4.4, it can be seen that by progressively decreasing the
side of the subdomain (i.e., by going left along the H/Rd-axis), φ initially
increases: this is due to the fact that not all the room in the very external
region of the original computational domain is really available to the drops,
since, as hinted above, the drops must not cross the vertical boundaries of the
flowcell; then, for H/Rd in the range 18 − 24, the average volume fraction
in the red box recovers the imposed value, as highlighted by the dashed
horizontal line.
For each configuration of the drops, the average shear rate and shear
stress are computed in all the considered subdomains. From those data,
the viscoelastic moduli of the system are obtained and can be plotted as a
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Figure 4.4: Average volume fraction of the drops φ in a subdomain of the
2D computational domain as a function of the dimensionless side of the
subdomain H/Rd.
function of the side of the red box. This is done for the elastic modulus G′ in
Figure 4.5 (G′ having been made dimensionless as written in Section ??). It
is evident from Figure 4.5 that G′ changes with the side of the subdomain in
which it is computed. If one looks at the range H/Rd = 18−24, where φ does
not change with H/Rd and is equal to the imposed one (as we have seen in
Figure 4.4), it can be noticed thatG′ is also constant withH/Rd in there. The
same behavior is also noticed for the loss modulus G′′ (not shown). From such
observations, it can be deduced that a subdomain with a side in the range 18
- 24 is in fact representative of the bulk of the emulsion. In addition, it can
be observed that the G′-value computed for H/Rd = 36 (the whole domain,
including the solid walls) also overlaps the values computed in the boxes
with H/Rd ∈ [18, 24], thus letting us conclude that for the considered overall
volume fraction, the size of the whole computational domain is large enough
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to make wall effects irrelevant in the calculation of the elastic modulus. For
G′′ similar results are obtained, and analogous conclusions can be drawn.
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Figure 4.5: Elastic modulus G′ in a subdomain of the 2D computational
domain as a function of the dimensionless side of the subdomain H/Rd.
Overall volume fraction φ = 0.27
In view of developing a procedure for computational saving, let us now
take the same ten random distributions of the drops from which the results
in Figures 4.4-4.5 are computed, and, from each one, remove all the drops
whose centers initially lie outside a square with side H/Rd = 24, and replace
them with pure matrix. With reference to the configuration shown in Figure
4.3, the result of such procedure is displayed in Figure 4.6. If we consider a
sequence of concentric square subcells of decreasing side with 18 ≤ H/Rd ≤
24 (e.g. the green squares in Figure 4.6), the volume fraction of the drops
in each of those (averaged over time and different initial configurations) is of
course the same as in the subdomains characterized by the same side with
the system fully filled with drops. The choice of considering such interval
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stems from the result that in a box whose side belongs to that range the
volume fraction of the system is the imposed one, and the moduli are the
‘bulky’ ones.
Figure 4.6: Geometry of the 2D computational domain with an empty frame.
φ = 0.27.
For such ‘peculiar’ emulsions, the moduli can be computed at varying
H/Rd between 18 and 24, as done above. If we compute, then, the per
cent distance between the G′-values in the full and the ‘framed’ system for
the same side of the subdomain, as ǫ = 100|G′full−G′frame
G′
full
|, we find that such
discrepancy is always below 2.5%. This lets us argue that removing the drops
in the space between the boundaries of the box with H/Rd = 24 (where the
‘bulky’ conditions are verified), and the boundaries of the whole domain
makes us commit a small error, but lets us ‘save’ about 55% of the drops.
We consider now a 2D square domain filled with a dilute emulsion of
Newtonian drops in a Newtonian fluid (volume fraction φ = 0.07), with
viscosity ratio λ = 2.0, and subjected to SAOS flow with ω = 0.4. The side
of the cell is 60 times the initial radius of the drops. In Figure 4.7, a scheme
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of such domain in its initial configuration is reported, where the distribution
of the drops is random. As in the case with φ = 0.27 shown in Figure 4.3, in
the generation of the random initial positions of the drops, the constraint is
added that they cannot cross the vertical boundaries of the flowcell.
Figure 4.7: Geometry of the 2D computational domain. φ = 0.07.
As we did above, we take into account several concentric square subcells
with a progressively decreasing side (the red squares in Figure 4.7), and com-
pute the average over ten random initial configurations of the time-averaged
volume fraction of the drops in those subdomains. The results of such calcu-
lations are shown in Figure 4.8. As the side of the subdomain is progressively
decreased from H/Rd = 60, φ initially increases due to the fact that not all
the room in the very external region of the computational domain is really
available to the drops because of the constraint that the drops cannot cross
the vertical boundaries of the flowcell; then, for H/Rd between 24 and 30, the
average volume fraction is constant and equal to the imposed value φ = 0.07,
as highlighted by the dashed horizontal line.
The average shear rate and shear stress are computed in all the consid-
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Figure 4.8: Average volume fraction of the drops φ in a subdomain of the
2D computational domain as a function of the dimensionless side of the
subdomain H/Rd.
ered boxes, from which the viscoelastic moduli of the system are obtained
as a function of the side of the box. The plot of G′ vs. H/Rd for φ = 0.07
is displayed Figure 4.9. As for φ = 0.27 (Figure 4.5), the elastic modulus
changes with the side of the subdomain in which it is computed. Where φ
does not change and is equal to the imposed one (H/Rd ∈ [24, 30]), G′ does
not change as well, thus letting us deduce that a subdomain with dimension-
less side in the range 24 - 30 is representative of the bulk of the emulsion. In
addition, in analogy to what happens for φ = 0.27, the G′-value computed
when taking the whole domain, including the solid walls, also overlaps the
values computed in the boxes with H/Rd ∈ [24, 30], so also for φ = 0.07 the
size of the whole computational domain we have chosen is large enough to
make wall effects irrelevant in the calculation of the viscoelastic properties.
In analogy to what we did for φ = 0.27, we take the ten random distribu-
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Figure 4.9: Elastic modulus G′ in a subdomain of the 2D computational
domain as a function of the dimensionless side of the subdomain H/Rd.
Overall volume fraction φ = 0.07.
tions of the drops we generated with an overall volume fraction φ = 0.07, and
we remove from each of them all the drops whose centers initially lie outside
a square with side H/Rd = 30, replacing them with pure matrix. Then, we
compute the moduli of the system with an empty frame at varying H/Rd be-
tween 24 and 30. In that range, the per cent distance between the G′-values
in the full and the framed system is between 3.5 and 7%. This makes us
conclude that, if we want to compute the viscoelastic moduli in the box with
H/Rd = 30, where we have found that the ‘bulky’ conditions are verified,
removing the drops in the space between the boundaries of such subcell and
the boundaries of the domain would let us realize a computational saving,
but make us commit a non-negligible error.
By comparing the results at φ = 0.27 and φ = 0.07, we can infer that
there is a screening effect among the drops. Indeed, we see that at low
volume fractions (e.g. φ = 0.07), the absence of drops outside the subdomain
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where we compute the viscoelastic properties of the system has a considerable
influence on the calculated values, whereas, at high volume fractions (e.g.
φ = 0.27), the difference between the results calculated in the full and the
framed system is almost negligible. From such observation, we can conclude
that, in 2D, at low φ-values the complete system must be simulated, whereas,
at high volume fractions, it is allowed to simulate a system where only the
region in which the moduli are computed is filled with drops, without losing
the representativity of the real system.
In 3D, however, the situation is even more favorable, since the hydro-
dynamic interactions among the suspended objects decay much faster (in
space) than in 2D. Indeed, we find that, for φ = 0.05, the per cent discrep-
ancy between the G′-values computed in a ‘bulky’ subdomain of a cell fully
filled with drops, and the corresponding value computed in a subdomain sur-
rounded by pure matrix is less than 3%. Hence, we simulate full systems for
volume fractions below 0.05; above such value, the frame approach is used.
For φ = 0.05, such criterion will lead to a reduction of the number of drops
of about 70%; for φ = 0.2, the reduction is of 87.5%. So for φ ≥ 0.05, we
run simulations where only the portion of the flow cell where the stress is
computed is filled with drops.
Given a forcing wave on the moving boundaries of the flow cell as ex-
pressed in Equation (4.2), the wall shear rate of the system is:
γ˙w(ω, t) ≡ uw
H/2
(4.5)
It should be emphasized that in a ‘bulky’ subdomain, e.g. the red box in
Figure 4.2, the average of the local shear rate
√
2D :D is, in general, different
from the imposed wave (Equation (4.5)), but, due to linearity, it has the same
frequency. So it can be written as follows:
γ˙eff(ω, t) = γeffω sin[ωt+ θ] (4.6)
As another consequence of linearity, the average stress in the red box can be
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expressed as:
〈σxy,eff(ω, t)〉 =γeff(G′(ω) cos[ωt+ θ]+
+G′′(ω) sin[ωt+ θ])
(4.7)
From Equations (4.6) and (4.7), which are written for the ‘bulky’ subdomain,
we can, then, compute the elastic and viscous moduli of the emulsion from
the simulation results.
Finally, it is worth specifying that single values of G′ and G′′ correspond-
ing to a certain random initial spatial distribution of the drops cannot be
considered as representative of the moduli of an emulsion because there is an
influence of the initial configuration on the above mentioned values: for each
set of parameters, we consider 5 different initial distributions of the drops,
then G′- and G′′-values are averaged, and standard deviation is computed.
The consistence of the numerical results presented in Section 4.3 is en-
sured by the preliminary performance of convergence tests on time-step and
mesh resolution. This means that the influence of the variation of the time-
step and of the mesh resolution on the simulation results is studied, and that
time-step and mesh resolution are chosen so as to guarantee invariance of the
physical results upon further refinements. Time and mesh convergence have
been checked for all the calculations presented in this work. In this section,
the results of convergence tests for φ = 0.05 are reported as an example
to show the sensitivity of the numerical results to time-step size and mesh
resolution.
In Figure 4.10, a mesh is reported for a system characterized by a 5%
volume fraction of the drops. In this work, due to the presence of numerous
curvilinear surfaces, non-structured meshes with tetrahedral elements are
employed. The generation of the computational grids is performed by gmsh
[38]. Notice that the drops only lie in the ‘core’ of the computational domain,
the reasons having been explained in Section 4.2. The resolution of the
elements near the external boundaries of the domain has not a significant
influence on the results, since near there only pure matrix is present. On
the contrary, the resolution of the elements in the region filled with drops is
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Figure 4.10: Mesh of the computational domain for φ = 0.05. The dimensionless side
of the triangles mapping the surface of the drops is ∆x∗ = 2pi
16
. For visibility reasons, only
the surface elements on the boundaries of the drops and of the computational domain are
displayed.
crucial (in Figure 4.10, the dimensionless side of the triangles that map the
initially spherical surface of the drops, defined as ∆x∗ = ∆x
Rd
, with Rd the
initial drop radius, is ∆x∗ = 2π
16
, see below).
Convergence test are performed by computing the time evolution of the
xy-component of the emulsion stress tensor 〈σxy〉 at changing mesh resolution
and time-step. As an example, the results of such tests for φ = 0.05, λ = 1.0,
γ = 0.025, ω∗ = 0.4, and no-slip are described in the following (frequency
is here made dimensionless, as indicated by the superscript ∗, through ω˜ =
Γ
ηmRd
, see next section).
The stress trends obtained for a side of the elements on the surface of
the drops ∆x∗ = 2π
16
, and for three different values of the dimensionless time-
step (∆t∗ = 2π
150ω∗
, 2π
300ω∗
, 2π
600ω∗
, respectively) are compared: it emerges that
by refining the time-step from ∆t∗ = 2π
150ω∗
to ∆t∗ = 2π
300ω∗
, no quantitative
change in the results happens, the discrepancy being at most of order 0.001%.
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Of course, no differences arise between the trends for ∆t∗ = 2π
300ω∗
, and ∆t∗ =
2π
600ω∗
. Time convergence is, then, achieved with ∆t∗ = 2π
150ω∗
.
Having fixed ∆t∗ = 2π
150ω∗
, the stress trends are computed for three dif-
ferent mesh resolutions, where the length of the side of the triangles that
discretize the surface of the drops is progressively decreased, the values be-
ing ∆x∗ = 2π
8
, 2π
12
, 2π
16
. The results obtained for such resolutions are compared:
by refining the mesh from the coarsest to the medium, there is no quantitative
change in the results (as above, the discrepancy is at most of order 0.001%),
so mesh convergence is achieved with a length of the elements on the surface
of the drops ∆x∗ = 2π
8
. The fact that for a size ∆x∗ = 2π
8
mesh convergence
is already achieved confirms the validity of the preliminary choice of the size
∆x∗ = 2π
16
for the time convergence test.
In the end, we can conclude that for φ = 0.05, λ = 1.0, γ = 0.025,
ω∗ = 0.4, and no-slip, ∆t∗ = 2π
150ω∗
and a size of the triangles that map the
surface of the drops ∆x∗ = 2π
8
(which implies that each of these surfaces is
covered with 66 nodes) ensure the convergence of the numerical results both
in time and space. Such values are, then, adopted for obtaining the results
at φ = 0.05 shown in what follows. It is worth to precise, however, that as
φ increases, a refinement of the mesh is necessary, whereas as ω decreases,
a refinement of the time-step is needed. In the worst case, i.e. for φ = 0.28
and ω∗ = 0.02, we use ∆x∗ = 2π
16
and ∆t∗ = 2π
6280ω∗
. The eventual presence
of interfacial slip between the drops and the matrix has no effects on such
convergence results.
The simulations have been run on blades with two hexa-core processors
Intel Xeon E5649@2.53GHz and 48 GB of RAM. The computational time
ranges from a few hours to 2-3 days, depending on the volume fraction of the
system under investigation.
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4.3 Results and discussion
In this section, the results of our numerical simulations are presented and
compared with the theoretical predictions by Oldroyd for 0 < φ < 0.3,
λ = 0.1, 0.5, 1.0, 5.0, 100.0, 0.02 ≤ ω∗ ≤ 10.0, and α∗ = 0, 0.1, 1.0, with α∗
the dimensionless slip parameter.
Following [86] and [85], the results to be presented in the following are
made dimensionless by using ω˜ = Γ
ηmRd
as the characteristic frequency (see
previous section). The capillary number Ca = ηmγωRd
Γ
, which is the ratio
between the viscous and the interfacial forces to which the drops are sub-
jected, can, then, be expressed as Ca = γω
ω˜
, and hence is a measure of the
‘strength’ of the imposed flow. In the linear regime, it must be verified that
Ca ≪ 1. Since the elasticity of a Newtonian/Newtonian emulsion is wholly
due to interfacial contributions (see, for example, [63]), we choose to make
the elastic modulus G′ dimensionless through Γ
Rd
, whereas the loss modulus
G′′ is made dimensionless through the loss modulus of the suspending fluid
G′′m = ηmω at the same frequency. The slip coefficient α of Equation (2.18)
is made dimensionless through Rd
ηm
. For the sake of clarity, in what follows
the superscript ∗ denoting dimensionless quantities will be always omitted.
4.3.1 The no-slip case
In Figures 4.11-4.15, results at low frequency are presented; a value of 0.4
times the characteristic frequency is chosen (the study of the effects of fre-
quency on the viscoelastic moduli is shown in Figures 4.16-4.18). The di-
mensionless elastic modulus G′ (upper panel) and loss modulus G′′ (lower
panel) are shown as a function of φ at various λ-s for the no-slip case. In
these figures, our data are displayed as black circles with error bars. Each
datum represents the average of the results of 5 simulations having different
random initial positions of the drops at the same φ, and with fixed ω and λ.
Oldroyd’s predictions are shown as blue solid curves. The analytical expres-
sions of G′(λ, φ, ω) and G′′(λ, φ, ω) derived from [78] in the no-slip case are
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reported explicitly in Appendix A.
In Figure 4.11, the trends of G′(ω = 0.4) and G′′(ω = 0.4) as a function
of φ are reported for λ = 0.1. It clearly emerges from panel (a) that the
values of the elastic modulus G′ obtained through simulations are in excellent
quantitative agreement with Oldroyd’s predictions in the whole range of φ-
values explored. This is also found for G′′ (panel (b)).
Figure 4.11: Elastic modulus G′ (a) and loss modulus G′′ (b) as a function of volume
fraction φ for an emulsion of Newtonian drops in a Newtonian matrix in the linear regime.
Blue curves: theoretical predictions from [78]. The viscosity ratio is chosen as λ = 0.1,
the frequency is ω = 0.4, there is no interfacial slip between the suspended drops and the
matrix.
For λ = 0.5, the very same conclusions can be drawn as for λ = 0.1 (see
Figure 4.12). Oldroyd’s predictions for G′ (Figure 4.12a) are quantitatively
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reproduced by our numerical simulations in the whole φ-range explored (the
discrepancies between theory and simulations are always within 5%); so it is
also for G′′ (Figure 4.12b).
Figure 4.12: Elastic modulus G′ (a) and loss modulus G′′ (b) as a function of volume
fraction φ for an emulsion of Newtonian drops in a Newtonian matrix in the linear regime.
Blue curves: theoretical predictions from [78]. The viscosity ratio is chosen as λ = 0.5,
the frequency is ω = 0.4, there is no interfacial slip between the suspended drops and the
matrix.
Figure 4.13a shows that when λ is equal to 1.0, numerical predictions for
G′ almost overlap Oldroyd’s theoretical curve except for the largest volume
fraction φ = 0.28, where the numerical result overtakes the theoretical one of
about 17%. Figure 4.13b shows that for G′′ there is a very good agreement
between the computational points and Oldroyd’s predictions over all the φ-
90
range investigated.
Figure 4.13: Elastic modulus G′ (a) and loss modulus G′′ (b) as a function of volume
fraction φ for an emulsion of Newtonian drops in a Newtonian matrix in the linear regime.
Blue curves: theoretical predictions from [78]. The viscosity ratio is chosen as λ = 1.0,
the frequency is ω = 0.4, there is no interfacial slip between the suspended drops and the
matrix.
Figure 4.14 reports the comparison between the numerical and the theo-
retical results for λ = 5.0. In panel (a), it can be seen that our simulations
have the same qualitative G′-trend as Oldroyd’s predictions, but, beyond the
dilute regime, the computational results lie above the theoretical ones, and
the deviations are larger as the volume fraction is increased: the maximum
difference is of about 25% for φ = 0.28. The same is observed for G′′ (see Fig-
ure 4.14b), where for φ = 0.28 the computational point overtakes Oldroyd’s
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prediction of 5%.
Figure 4.14: Elastic modulus G′ (a) and loss modulus G′′ (b) as a function of volume
fraction φ for an emulsion of Newtonian drops in a Newtonian matrix in the linear regime.
Blue curves: theoretical predictions from [78]. The viscosity ratio is chosen as λ = 5.0,
the frequency is ω = 0.4, there is no interfacial slip between the suspended drops and the
matrix.
Finally, in Figure 4.15, the computational results for the ‘extreme’ con-
dition λ = 100.0 are shown. In panel (a), G′ is considered: although the
numerical points show a trend qualitatively similar to Oldroyd’s predictions,
no quantitative agreement is found. It should be noticed that the error bars
of the black points are quite wide, the reason being that the very high vis-
cosity of the drops compared to the matrix contrasts their deformation, i.e.,
the system tends to behave like an hard-sphere suspension and, as such, is
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characterized by very low G′-values, that are hardly computable within the
numerical accuracy.
Figure 4.15: Elastic modulus G′ (a) and loss modulus G′′ (b) as a function of volume
fraction φ for an emulsion of Newtonian drops in a Newtonian matrix in the linear regime.
Blue solid curves: theoretical predictions from [78], red dashed curve in panel (b): numer-
ical predictions for a suspension of rigid spheres in a Newtonian liquid in the linear regime
from [21]. The viscosity ratio is chosen as λ = 100.0, the frequency is ω = 0.4, there is no
interfacial slip between the suspended drops and the matrix.
In panel (b), G′′ is displayed. In addition to the Oldroyd’s predictions,
we report with the red dashed curve the numerical predictions of the loss
modulus of a monodisperse suspension of hard spheres in a Newtonian fluid
as a function of φ given in [21]. One can observe that the computed values of
G′′ do not agree with Oldroyd’s theoretical predictions; on the other hand, our
numerical results almost quantitatively agree with [21], i.e., with the results
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for hard-sphere suspensions, the highest discrepancy in the explored φ-range
being of about 4.5%. As remarked above, the latter result is expected, as
an hard-sphere suspension can be thought of as the asymptotic case of an
emulsion with infinite viscosity ratio λ. This evidence confirms the comment
by Oldroyd’s on his own theory on the limitation to small λ-values.
In Figures 4.16-4.18, the elastic modulus G′ (upper panel) and loss mod-
ulus G′′ (lower panel) are shown as a function of ω for φ = 0.10, 0.20, 0.26,
at various λ-s, for the no-slip case. As in Figures 4.11-4.15, Oldroyd’s pre-
dictions are shown as blue curves. As it is also evident from the graphs,
the frequency range is chosen in such a way that, according to Oldroyd’s
model, invariance of the moduli is obtained at the borders of the interval
if ω is further decreased or increased. It is worth remarking that the de-
crease of G′′ with frequency shown in Figures 4.16-4.18, which could appear
in disagreement with the well known trends for emulsions (see, for example,
[41]), depends on the characteristic G′′-value used in non-dimensionalization
G′′m = ηmω (see above). In other words, our decrease means a less-than-linear
increase of G′′ with ω.
In Figure 4.16, the trends of G′ and G′′ as a function of ω are reported for
λ = 0.1, and for φ = 0.10, 0.20, 0.26. From panel (a), it emerges that for φ =
0.10, there is a strong quantitative agreement on G′ between the numerical
simulations (the grey circles) and Oldroyd’s predictions (the blue solid line)
over the whole range of frequency investigated, i.e. for 0.02 ≤ ω ≤ 10. As the
volume fraction increases to φ = 0.20, and, then, to φ = 0.26, the quantitative
agreement between the numerical data (the grey diamonds and triangles) and
Oldroyd’s predictions (the blue dashed and dash-dot lines) still holds over
the whole frequency-range. Figure 4.16b compares numerical and theoretical
G′′-vs.-ω trends. It is interesting to notice that Oldroyd predicts the curves
obtained at different φ-s to reciprocally intersect, G′′ increasing with φ at low
ω-s and decreasing with it at high ω-s. Numerical data (the symbols being
the same as in panel (a)) qualitatively confirm Oldroyd’s predictions, the
agreement being strongly quantitative over the whole range of frequencies
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Figure 4.16: Elastic modulus G′ (a) and loss modulus G′′ (b) as a function of frequency
ω, and for three values of the volume fraction φ, for an emulsion of Newtonian drops in
a Newtonian matrix in the linear regime. Blue curves: theoretical predictions from [78].
There is no interfacial slip between the suspended drops and the matrix, the viscosity ratio
is chosen as λ = 0.1, ω-axis is log-scale.
considered for φ = 0.10 and 0.20.
In Figure 4.17, the elastic and loss moduli as a function of the frequency
are shown for λ = 1.0, and φ = 0.10, 0.20, 0.26. In Figure 4.17a, it can be
seen that, as for λ = 0.1, there is an excellent quantitative agreement be-
tween numerical simulations and Oldroyd’s theoretical curve (the blue solid
line) in the whole range of frequencies considered as the volume fraction is
equal to 0.10. As φ increases, such agreement is still qualitatively verified,
but slight quantitative discrepancies arise at high frequencies, as it emerges
by looking at the distances between the grey diamonds and the blue dashed
line (φ = 0.20), and between the grey triangles and the blue dash-dot line
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(φ = 0.26) for ω = 1.0, 10.0. In Figure 4.17b, it is shown that according
to simulation data, at low ω-s G′′ increases with φ, then, as the frequency
increases, the trends at different volume fractions tend to collapse to same
value of the loss modulus, such value being 1.0. This behavior fits quan-
titatively with Oldroyd’s predictions for φ = 0.10. As φ increases, slight
discrepancies appear between numerical data and Oldroyd’s theory at low
frequencies.
Figure 4.17: Elastic modulus G′ (a) and loss modulus G′′ (b) as a function of frequency
ω, and for three values of the volume fraction φ, for an emulsion of Newtonian drops in
a Newtonian matrix in the linear regime. Blue curves: theoretical predictions from [78].
There is no interfacial slip between the suspended drops and the matrix, the viscosity ratio
is chosen as λ = 1.0, ω-axis is log-scale.
Figure 4.18 reports the comparison between the numerical and the the-
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Figure 4.18: Elastic modulus G′ (a) and loss modulus G′′ (b) as a function of frequency
ω, and for three values of the volume fraction φ, for an emulsion of Newtonian drops in
a Newtonian matrix in the linear regime. Blue curves: theoretical predictions from [78].
There is no interfacial slip between the suspended drops and the matrix, the viscosity ratio
is chosen as λ = 5.0, ω-axis is log-scale.
oretical results for λ = 5.0, and again for φ = 0.10, 0.20, 0.26. In panel (a),
it can be seen that our simulations have the same qualitative G′(ω) trend as
Oldroyd’s predictions for every φ, but, beyond the dilute regime, the compu-
tational results lie above the theoretical ones, the deviations being larger as
the volume fraction and the frequency are increased (the largest discrepancy
- about 20% - is got for φ = 0.26 and ω = 10.0). In panel (b), results on G′′
are reported, from which a qualitative difference with respect to the cases of
λ = 0.1 and λ = 1.0 emerges. Indeed, simulations show that for λ = 5.0, G′′
grows with φ over the whole ω-range explored. For such λ-value, this is also
97
predicted by Oldroyd’s model. Numerical points slightly overcome Oldroyd’s
theoretical curves.
In [27], the frequency response of an emulsion of PDMS300 drops in a
PIB2300 matrix is experimentally studied; the viscosity ratio of the system
is 0.5, and the volume fraction is 5%. If the data presented in such paper
are made dimensionless in the same way as ours, a quantitative agreement is
found for both G′ and G′′ when the same flow conditions are experienced.
4.3.2 The case with slip
According to Oldroyd’s model, in an emulsion, the effect of interfacial slip
between the drops and the suspending matrix, which is modulated by the slip
parameter α, that can range from 0 (no-slip) to ∞ (free slipping drops), is
increasingly more visible as the viscosity ratio, the frequency, and the volume
fraction increase. In Figures 4.19 and 4.20, the elastic modulus G′ (upper
panel) and loss modulus G′′ (lower panel) are shown as a function of φ for λ
= 1.0 (Figure 4.19) and λ = 5.0 (Figure 4.20), ω = 1.0, and two values of the
slip parameter α, i.e, α = 0.1, 1.0. In these figures, our data are displayed
as symbols with error bars, whereas the corresponding Oldroyd’s predictions
are shown as solid curves of the same color. Each datum represents the
average of the results of 5 simulations with different random initial positions
of the drops at the same φ, ω, λ, and α. The analytical expressions of
G′(λ, φ, ω, α) and G′′(λ, φ, ω, α) derived from [78] in the case with interfacial
slip are reported explicitly in Appendix B. Very recently, such theoretical
predictions have been confirmed for vanishing φ by Ramachandran et al (see
[86, 85]).
In Figure 4.19, the trends of G′(λ = 1.0, ω = 1.0) and G′′(λ = 1.0, ω =
1.0) as a function of φ are reported for α = 0.1 (black symbols) and α = 1.0
(red symbols). It emerges from panel (a) that, as the slip parameter increases,
i.e., there is more slip at the drop-matrix interfaces, the elastic modulus
of the emulsion decreases: this is expectable and can be ascribed to the
fact that the more slip there is, the less the drops deform (see [85]), and
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Figure 4.19: Elastic modulus G′ (a) and loss modulus G′′ (b) as a function of volume
fraction φ for an emulsion of Newtonian drops in a Newtonian matrix in the linear regime.
Black curve: theoretical predictions from [78] for α = 0.1; red curve: theoretical predictions
from [78] for α = 1.0. The viscosity ratio is chosen as λ = 1.0, the frequency is ω = 1.0.
it is the deformation of the drops that gives rise to the elastic behavior of
emulsions. For both the values of the slip parameter, the simulation results
are in excellent quantitative agreement with Oldroyd’s predictions in the
whole range of φ-values explored, also well outside the dilute regime, the
highest discrepancy being of 4.5% at φ = 0.25, α = 0.1. For G′′ (panel
(b)), a decrease at increasing α is also detected; like for G′, such result is
expected, because interfacial slip lowers the effective viscosity of an emulsion
(see again [85]), thus the loss modulus. Moreover, a change in the qualitative
trend of the modulus is seen as interfacial slip increases; indeed, for α = 0.1,
G′′ increases with φ, but, when α is equal to 1.0, G′′(φ) is decreasing. Such
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qualitative behavior is shown by both our numerical data and Oldroyd’s
predictions, with quantitative differences always within 10% as φ increases.
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Figure 4.20: Elastic modulus G′ (a) and loss modulus G′′ (b) as a function of volume
fraction φ for an emulsion of Newtonian drops in a Newtonian matrix in the linear regime.
Black curve: theoretical predictions from [78] for α = 0.1; red curve: theoretical predictions
from [78] for α = 1.0. The viscosity ratio is chosen as λ = 5.0, the frequency is ω = 1.0.
In Figure 4.20, the trends of G′ and G′′ as a function of φ are reported
for λ = 5.0, ω = 1.0, and α = 0.1 (black symbols), 1.0 (red symbols). Again,
increasing slip decreases the two moduli of the emulsion. In panel (a), G′ is
displayed: a fair qualitative agreement emerges between numerical and theo-
retical points for both the α-values considered, with the theory progressively
underestimating the modulus with respect to simulations as φ goes beyond
the diluted regime (at φ = 0.25, α = 0.1, the discrepancy is about 13%).
For what matters G′′ (panel (b)), at variance to what shown in Figure 4.19,
Oldroyd’s model predicts no qualitative change in the G′′(φ)-trend as α in-
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creases, since the red curve stays below the black one, but the sign of their
slopes is the same. The agreement between Oldroyd’s model and computa-
tional outcomes is quantitative in the whole range of concentration explored,
the differences between points and curves being always below 2%.
4.4 Final remarks
In this chapter, the viscoelastic moduli of monodisperse emulsions of Newto-
nian drops in a Newtonian matrix subjected to Small Amplitude Oscillatory
Shear flow are computed by means of arbitrary Lagrangian Eulerian finite el-
ement method 3D numerical simulations for a drop-to-matrix viscosity ratio
in the range 10−1 − 102, a volume fraction of the dispersed phase up to the
concentrated regime (∼ 0.3), and a dimensionless frequency of the forcing
wave in the range 0.02 − 10, also in the presence of interfacial slip between
the drops and the suspending matrix.
In the no-slip case, at low frequency (e.g. ω = 0.4 in Figures 4.11 - 4.15),
the simulations predict increasing values of both the moduli as the volume
fraction goes up. At any given φ, an increase in λ has an opposite effect on
the moduli, enhancing G′′ and suppressing G′.
For what matters the frequency response (Figures 4.16 - 4.18), if we make
ω change at fixed λ and φ, we see that the numerical results show opposite
trends of the two moduli : indeed, G′ increases with ω, whereas G′′ decreases
with it. Increasing φmakes G′ increase at every ω regardless λ. The behavior
of G′′ is, instead, quite peculiar: at low λ-s, at low frequencies G′′ increases
with φ, the opposite occurring at high frequencies (see Figure 4.16b); at high
λ-s, G′′ always increases with φ, i.e., over the whole ω-range considered (see
Figure 4.18b).
The simulations yield that the presence of interfacial slip between the
drops and the suspending matrix lowers both the moduli. Such effect, gov-
erned by the slip parameter α, is increasingly more visible as the viscosity
ratio, the frequency, and the volume fraction increase, as shown in Figures
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4.19 and 4.20.
All such numerical findings, both in the case without slip and with slip,
agree with Oldroyd’s predictions, the agreement in fact being quantitative in
a wide range of φ- and ω-values, when λ is low or moderate. At high λ-values,
trends shown by the numerical simulations always qualitatively agree with
Oldroyd’s predictions, but the quantitative agreement is lacking.
We are now in position to comment on the validity of Oldroyd’s theory.
Indeed, Oldroyd himself declared that his theory can be considered reliable
only in the dilute regime, but not outside it, because it fails to reproduce
known results beyond the dilute regime when λ diverges, i.e., when drops
become analogous to hard spheres. Our simulations, in fact, confirm that
Oldroyd’s theory does not work for φ outside the dilute regime at very high
λ-s (see the extreme case λ = 100.0 displayed in Figure 4.15). This occur-
rence is perhaps to be attributed to hydrodynamic interactions among the
‘hard spheres’, which are neglected in Oldroyd’s approach, while being auto-
matically included in the simulations. On the other hand, the fair agreement
between our numerical data and Oldroyd’s analytical predictions at ‘ordi-
nary’ λ-values, valid from dilute to concentrated emulsions, lets us argue
that a too extreme conclusion had been drawn by the author in his original
paper. Apparently, the exclusion of hydrodynamic interactions in Oldroyd’s
analytical calculations has in practice no effects when ordinarily deformable
drops are considered.
In conclusion, Oldroyd’s theory can be considered reliable in a wide range
of volume fractions, well outside the low-φ regime, when the viscosity contrast
of the dispersed and the continuous phase is up to order unity. Also, within
the same limitations concerning the λ-value (i.e., for λ ≤ 1), we numerically
validate, for the first time, Oldroyd’s complete theory over a wide range of
concentrations and frequencies in the presence of interfacial slip.
In view of the fair agreement between our numerical simulations and
Oldroyd’s complete theory, the predictions of models that, reduced to the
case of Newtonian drops and matrix, give similar results to it (e.g., Palierne
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[80], Bousmina [10]) will also agree with our results. Needless to say that,
since we quantitatively agree with Oldroyd’s predictions over a wide range of
values of the considered parameters, no quantitative agreement will be found
with theories yielding results different from Oldroyd’s.
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Chapter 5
Conclusions
In this thesis, a finite element method-based code is developed and applied to
study the dynamics of soft systems (e.g., drops, elastic particles) suspended
in Newtonian and viscoelastic fluids under flow.
In Chapter 2, an arbitrary Lagrangian Eulerian finite element method
based numerical code for viscoelastic fluids using well-known stabilization
techniques (SUPG, DEVSS, log-conformation) is adapted and extended to
study the behavior of soft systems, such as liquid drops and elastic particles,
suspended in flowing media in 3D.
Both drops and elastic particles are modeled as fluids (the particles being
treated as drops of upper-convected Maxwell fluid with a very large relaxation
time): for this reason, the interface between the suspended objects and the
matrix needs to be tracked. To do this, a finite element method with second-
order time discretization is defined on the interface, where its normal velocity
equals the normal component of the fluid velocity, and the tangential velocity
is such that the distribution of the elements on the interface is optimized.
The advantage of this approach is that at the interface the mesh does not
follow the tank-treading motion of the particle, thus greatly reducing the
distortion of the ALE volume mesh as compared to a Lagrangian description
of the interface. In order to stabilize the interface, the SUPG method is used.
A validation of the code is done for soft systems suspended in Newtonian
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fluids under unbounded shear flow: for a Newtonian drop, in the absence
of interfacial slip, our results are compared with Taylor predictions [95], and
experimental data from Guido and Villone [49]; in the case with slip, we com-
pare with the theoretical predictions from Ramachandran and Leal [85]; for
an upper-convected Maxwell drop in a Newtonian matrix, numerical data are
compared with the front tracking finite difference simulations from Aggarwal
and Sarkar [1]; for a neo-Hookean elastic particle, simulation outcomes are
compared with theoretical predictions by Roscoe [90] and Gao et al [36]. In
all the above mentioned cases, a very good quantitative agreement is found
between the results by other authors and ours.
In Chapter 3, the code is applied to a single-body problem: the defor-
mation and cross-streamline migration of an initially spherical neo-Hookean
elastic particle suspended in confined shear flow of Newtonian and Giesekus
viscoelastic fluids is studied by means of 3D arbitrary Lagrangian Eulerian
finite element method numerical simulations.
When suspended in a Newtonian fluid in a symmetric position with re-
spect to the moving walls of the shear flow cell, the particle is found to deform
until it attains a steady ellipsoid-like deformed shape, with a fixed orientation
with respect to the flow direction. The two dimensionless parameters that
govern the phenomenon are the elastic capillary number Cae, that relates
the viscous forces acting on the particle and its elasticity, and the geometric
blockage ratio β. The effects of such parameters on the steady deformation
and orientation of the channel-mid plane-centered elastic particle are inves-
tigated: it is found that both Cae- and β-increases lead to a more deformed
steady shape, and a more pronounced flow-alignment.
If the particle is initially suspended in a Newtonian liquid closer to a
wall of the channel than to the other, it migrates transversally to the flow
direction towards the center plane of the channel. For any given couple of
values of the parameters β and Cae, a master curve describes the migration
velocity trend as a function of the particle vertical position in the gap of the
channel, with the migration velocity increasing as the particle is closer to
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a wall. Out of the center plane of the flow cell, the deformed shape of the
particle is found to be asymmetric, with the portion of its surface exposed
to the fluid from the side of the wall slightly overcoming the portion of the
surface exposed from the side of the center of the channel. Another master
curve quantitatively describes such surface imbalance as a function of the
particle vertical position over the gap of the channel, for any fixed β − Cae
couple: the surface imbalance is larger as the particle is closer to the wall.
When the elastic particle is suspended in a sheared Giesekus viscoelastic
fluid, its steady deformation and orientation angle will depend on β, Cae and
on the new parameter p, which measures the relative weight of the elastic and
viscous forces in the matrix. The effects of such parameters are investigated.
In the simple case β = 0 (unbounded shear), it is found that a Cae-increase
leads to both a more pronounced deformation and flow-alignment of the
particle, whereas p contrasts deformation and promotes flow-alignment.
Like in a Newtonian fluid, also in a viscoelastic matrix the particle is
found to migrate transversally to the flow direction when initially suspended
out of the symmetry plane of the flow cell. Depending now on the value
of p, however, the equilibrium position ‘attracting’ such migration changes.
Indeed, low p-s promote migration towards the center plane, whereas high
p-s promote migration towards the walls. For p below 10, the competition
between the effects of the viscous and the elastic forces acting on the particle
results in an equilibrium height in between the center plane and the wall.
Finally, in Chapter 4, a multi-body problem is considered: the viscoelas-
tic moduli of monodisperse emulsions of Newtonian drops in a Newtonian
matrix subjected to Small Amplitude Oscillatory Shear flow are computed
by means of arbitrary Lagrangian Eulerian finite element method 3D numer-
ical simulations for a drop-to-matrix viscosity ratio in the range 10−1 − 102,
a volume fraction of the dispersed phase up to the concentrated regime (∼
0.3), and a dimensionless frequency of the forcing wave in the range 0.02−10,
also in the presence of interfacial slip between the drops and the suspending
matrix.
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In the no-slip case, at low frequency, the simulations predict increasing
values of both the moduli as the volume fraction goes up. At any given φ,
an increase in λ has an opposite effect on the moduli, enhancing G′′ and
suppressing G′.
For what matters the frequency response, if we make ω change at fixed
λ and φ, we see that the numerical results show opposite trends of the two
moduli : indeed, G′ increases with ω, whereas G′′ decreases with it. Increasing
φ makes G′ increase at every ω regardless λ. The behavior of G′′ is, instead,
quite peculiar: at low λ-s, at low frequencies G′′ increases with φ, the opposite
occurring at high frequencies; at high λ-s, G′′ always increases with φ, i.e.,
over the whole ω-range considered.
The simulations yield that the presence of interfacial slip between the
drops and the suspending matrix lowers both the moduli. Such effect, gov-
erned by the slip parameter α, is increasingly more visible as the viscosity
ratio, the frequency, and the volume fraction increase.
All such numerical findings, both in the case without slip and with slip,
agree with Oldroyd’s predictions, the agreement in fact being quantitative
in a wide range of φ- and ω-values, when λ is low or moderate. At high
λ-values, trends shown by the numerical simulations always qualitatively
agree with Oldroyd’s predictions, but the quantitative agreement is lacking.
Then, Oldroyd’s theory can be considered reliable in a wide range of volume
fractions, well outside the low-φ regime, when the viscosity contrast of the
dispersed and the continuous phase is up to order unity. Also, within the
same limitations concerning the λ-value (i.e., for λ ≤ 1), we numerically
validate, for the first time, Oldroyd’s complete theory over a wide range of
concentrations and frequencies in the presence of interfacial slip.
In conclusion, the code presented in this thesis shows to be very flexible,
and capable of treating in a robust and detailed way several soft systems of
technological interest, even in the presence of confinement and rheological
complexity. At the moment, its main limitation is given by the impossibility
of treating very large deformations, such as the ones detected in [93] or Large
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Amplitude Oscillatory Shear (LAOS) flow of emulsions, that would make the
FEM meshes distort too much and, consequently, the simulations crash. To
do this, a 3D remeshing algorithm will need to be implemented, that is a
challenging issue, due to the necessity of mapping an arbitrarily deformed
shape, where no analytical description is available. Future work will also
include the analysis of different systems (e.g., cells) and flow regimes (e.g.,
tube flow), that are of great interest in the field of microfluidics.
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Appendix A
Oldroyd’s formulas in the
no-slip case
From [78], in the absence of interfacial slip between the drops and the matrix,
the following expressions for the moduli of a monodisperse emulsion of New-
tonian drops in a Newtonian fluid subjected to Small Amplitude Oscillatory
Shear flow can be derived:
G′ =
(ητ − ξ)ω2
1 + τ 2ω2
(A.1)
G′′ =
ηω + ξτω3
1 + τ 2ω2
(A.2)
where η is the overall viscosity of the emulsion, τ is its relaxation time, and
ξ is a further parameter ‘naturally’ arising in Oldroyd’s deduction. Such
quantities can be in turn expressed as follows:
η = ηm
10(λ+ 1) + 3(5λ+ 2)φ
10(λ+ 1)− 2(5λ+ 2)φ (A.3)
τ =
1
4
τem
(19λ+ 16)[2λ+ 3− 2(λ− 1)φ]
10(λ+ 1)− 2(5λ+ 2)φ (A.4)
ξ =
1
4
ηmτem
(19λ+ 16)[2λ+ 3 + 3(λ− 1)φ]
10(λ+ 1)− 2(5λ+ 2)φ (A.5)
with ηm the viscosity of the matrix, λ the ratio between the viscosities of
the drops and the suspending phase, φ the volume fraction of the suspended
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phase, and τem =
ηmRd
Γ
the emulsion time (where Rd is the initial radius
of the monodisperse drops, and Γ is the interfacial tension between the two
liquids). The blue curves displayed in Figures 4.11 - 4.18 are built according
to these laws.
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Appendix B
Oldroyd’s formulas in the case
with interfacial slip
Even in the case where interfacial slip acts between the suspended drops and
the suspending matrix, Equations (A.1) and (A.2) still hold true. Instead,
the expressions of η, τ , and ξ become:
η = ηm
10(λ+ 1) + 3(5λ+ 2)φ+ 10αλ(3φ+ 5)
10(λ+ 1)− 2(5λ+ 2)φ+ 10αλ(5− 2φ) (B.1)
τ =
1
4
τem
(19λ+ 16)[2λ+ 3− 2(λ− 1)φ]
10(λ+ 1)− 2(5λ+ 2)φ+ 10αλ(5− 2φ)+
1
4
τem
2αλ[2(19λ− 40)φ− 5(19λ+ 24)]
10(λ+ 1)− 2(5λ+ 2)φ+ 10αλ(5− 2φ)
(B.2)
ξ =
1
4
ηmτem
(19λ+ 16)[2λ+ 3 + 3(λ− 1)φ]
10(λ+ 1)− 2(5λ+ 2)φ+ 10αλ(5− 2φ)+
1
4
ηmτem
2αλ[3(19λ− 40)φ+ 5(19λ− 24)]
10(λ+ 1)− 2(5λ+ 2)φ+ 10αλ(5− 2φ)
(B.3)
with ηm the viscosity of the matrix, λ the ratio between the viscosities of
the drops and the suspending phase, φ the volume fraction of the suspended
phase, τem =
ηmRd
Γ
the emulsion time (where Rd is the initial radius of the
monodisperse drops, and Γ is the interfacial tension between the two liquids),
and α the dimensionless slip parameter (see Section 4.3). The black and red
curves displayed in Figures 4.19 - 4.20 are built according to these laws.
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